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PREFACE. 



Deeming the subject of this wark, viz : the solution of 
that geometrical problem which demonstrates the rela- 
tion of the circle to the straight line, to be peculiarly of 
public importance, we will briefly state what has taken 
place in respect to it, and the present position of the 
matter. 

The discovery of the solution was communicated by 
letter, dated 29th December, 1870, accompanied with 
demonstration, &c., to the Astronomer Royal. It was 
afterwards found that the case, as contained in the 
papers thus presented in the first instance, was in a 
strictly geometrical sense imperfect and faulty ; the 
solution and demonstration, however, were virtually con- 
tained in them, and no objection whatever was made to 
their form. 

The papers were acknowledged ; but, after some con- 
siderable time, a decisive intimation was received from 
Greenwich that the Astronomer Royal declined to exam- 
ine the case. 

In the month of January, 1873, the papers were pre- 
sented to the president of the Royal Society, with a formal 
request (claim) in writing to have the case judicially 
examined by that Society. The documents were returned 
with a note from the President, (G. B. Airy, Esq.,) 
decidedly refusing, as President, to receive the papers or 
to acknowledge the claim for investigation. 

Before this refusal was received, considering that the 
subject if correctly understood would be found to have 
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ail especial interest for the public of a practical and 
immediate character, four letters containing a general 
explanation of the great importance of the subject with 
regard to the immediate interests of the public, were 
forwarded to the Editor of the '^ Times" (London) for 
publication in that Journal; and, when the letter of the 
President of the Royal Society, refusing to entertain the 
case, was received, a copy of that letter was also forwarded 
to the Editor of the " Times." 

About the same time that the case was presented for 
investigation to the Royal Society, a communication 
thereof was made to McGill College, also formally re- 
questing an investigation. Not long afterwards, however, 
the papers were returned, without, as it would seem, 
having undergone examination. 

Copies of the several documents referred to will be 
found at the end of the Appendix to this book. 
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INTRODUCTION. 

The subject of this work is that geometrical problem 
which requires a straight line to be drawn equal in length 
to the given arc of a circle ; or, a circle to be described 
equal in length to a given straight line — accompanied, in 
either case, with demonstration that the conditions of the 
requisition have been mathematically fulfilled. 

This problem we have succeeded in solving according 
to the strict rules of geometry, and the demonstration 
that we have so done, is herein presented to the public. 

We publish our solution with the distinct statement 
that it is essentially in strict accordance with that scien- 
tific system known as EucUd's. We claim to have our 
demonstration admitted or disproved, and we challenge 
objection or adverse argument on that system. 

The book known as ^ Euclid's Elements of Geometry/ 
although possessing a high degree of completeness com- 
pared with other scientific treatises, and including a con- 
siderable part of the subjects belonging to that division 
of science, is a human production and imperfect — ^it is 
neither absolutely complete, nor absolutely compre- 
hensive. 

However desirable it mav be to retain the formal 
method in and by which Euclid taught his application of 
the system, there can be no good reason why the method 
should be restricted to any particular number of prob- 
lems, or why it should not be extended to include cases 
of the same character as those treated in the ^ Elements,' 
but which did not come under the consideration of 
Euclid. 



12 INTKODLXTION. 

Let u8 briefly examine the essential characteristics of 
the scientific system taught by Euclid, — and also the 
arrangement of Euclid's formal method. 

The first esBential of the system is that there shall be 
a simple (elementary) basis ... of which the reality, 
actuality, or truth, is absolutely certain. This funda- 
mental basis (or each such basis, because there may be an 
iodefiuite number) being elementary and manifestly real 
and true, requires merely to be defined or stated with 
jtrecision ; and it is termed, accordingly, — a definition. 

A geometrical definition may therefore be called the 
verbal equivalent of a fact, * 

When the basis is not (elementary) quite simple, but 
requires definite statement, or brief explanation only, to 
satisfy the reasonable mind as to its unquestionable truth 
and reality . . it is called— a» oxiomA 

The postulates of 'Euclid's elements' are the rules of 
his systematic method, as distinguished from the laws or 

* It may be said to assert the existence of the fact which 
it defines. 

f Strictly speaking an axiom is a proposition or theo- 
rem, of which the manifest trath becomes so readily 
apparent as to render formal demonstration nnnecessary -, 
or, in some instancea, the definite statement of the axiom 
may include its demonstration. Therefore it is in the 
same case with the definition, and it may be considered 
a compound definition ; or, the definition may be con- 
sidered an elementary axiom. In either case there is the 
definition only of a reasonable recognition by the mind of 
an actual existence or reality. (Def.) e. g., ' A straight line 
is thai which lies Svenly between its points,' the mind at 
once recognizes and reasonably accepts the fact, which is 
manifest whether the lino be considered only a natural 
or only an ideal reality, (Axiom.) e. g., 'The whole is 
greater than its part,' the comparison has already been 
made by the mind, and the inter-relation of the two things, 
thusdefined, isat once recognized by the mind as actual, (i.e. 
as an ideal fact.) 
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rules of the philosophy, which last are to be learnt from 
their application and illustration throughout the work. 
In stating this, we are not making a fanciful distinction,, 
but indicating a difference which it is of great moment 
to correctly appreciate. 

Euclid's ' Ideal Philosophy,' or ^ Scientific System,' if 
perfected, would be a perfect system of human reasoning,, 
that is to say, a system under which, its rules and regu- 
lations being strictly observed, the guidance of reason 
could be obtained (in compounding knowledge) on all 
subjects to which human knowledge is permitted to ex- 
tend, so as to insure the attainment of certainty and truth 
in all cases. 

Euclid's systematic method, as taught in the work 
known as the ' Elements of Geometry,' is an endeavour 
to apply that system to one of the divisions of science, — 
namely, the science of Form and Magnitude ; an en- 
deavour which, with the exception of one grievous and 
calamitous mistake, must be considered as having been 
successful in an astonishing degree ; for, as a complete, 
comprehensive and important work in itself, the (so- 
called) ^ Elements of Geometry' may be justly regarded 
as the greatest product, and as the proudest monument,, 
of the human intellect the world has yet to show. 

The postulates of the ^Elements' are the arbitrary 
rules * framed to insure method and precision in the appli- 
cation of the system to the science of ' Form and Mag- 

* Arbitrary, however, in a relative, not in an absolute 
sense ; for the postulates of ' £uclid's Elements ' are rea- 
sonable, i. e., subordinate to the rules of reason. The postu- 
lates are arbitrary in a general sense, in the same relative 
manner that the laws of material Nature are arbitrary in a 
spiritual sense ; in either case there is a limitation and res- 
triction which may be termed artificial, but . . the one is a 
contrivance of human reason . . the other, an arrangement 
by Divine reason. 
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nitude.' * Formally, they give pemiiBsion to conduct 
the necessary process of construction in a particular 
manner; thereby strictly prohibiting other methods of 
conducting the process. Now the importance of such 
strict rules in science generaUy, and in each of the divi- 
sions of science, is not to be lightly esteemed. For tlie 
purpose of preserving order and distinctness, and of en- 
abling a number of persons to work harmoniously (in 
concert) on the same subject, some such rules may be 
considered practically indispensable ; the indirect benefit 
of their influence, also, in training the mind to a due re- 
gard for law and system, in its endeavours to acquire 
increased knowledge by compoundingthe elements there- 
of, is unquestionably very great. 

It would be, however, superstitious, slavish, and quite 
unreasonable, for men to allow themselves collectively or 
individually to be absolutely bound and fettered by a 
particular set of rules, framed long since by other men, 
viz., by Euclid and his predecessors, as the most advan- 

* The science of ' Form and Magnitu<Je' toay be correctly 
tfirmed an abstract science, because the espression ' abstract 
is 80 used in a definite and intelligible sense. To us as 
human beings, cognizing even our ideas and thoaghta through 
a material medium, the abstract property, ..such as form, 
magnitude, number, or quantity, is not conceivable as an 
existence distinct from a material existence op thing, the 
same as a spiritual existence or force is conceivable as 
distinct. The abstract sciences belong, therefore, to natural 
science, (i', c.) to the science of Material Nature, which 
includes : — 

Tie material sciences. 

The sciences of spiritual force manifested on matter. 

The science of the abstract properties belonging to matter. 

Bytlie aid ofideal philosophy, we are enabled to separate 
and to study separately these. ..all and each of which form 
a partof compound matter, (i. e.of matter naturally recog- 
nized as such by us.) 
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tageouB which could at that time be devised. On the 
contrary, if circumatances render an extciiaion or modi- 
fication of the rules desirable, it ia quite reasonable, 
deUberately and circumspectly, to make and agree to such 
alteration as the advancement of science may call for. 

The formal method adopted and taught by Euclid may 
be described as consisting of : — ( 1) The definite statement 
of the requisition- (2) The construction and arrange- 
ment of the case, {i.e., of the circumstances and facts 
belonging to the case). (3) The answer to the requisi- 
tion. (4) Demonstration that the answer is the true 
one. In this manner, the legitimate processof compound- 
ing knowledge is, by the aid of reason, systematically 
and metltodically applied to the particular facts of the 
science; and which science in Euclid's treatise is that of 
Form and Magnitude. 

The proposition or theorem is first stated in precise 
but general terms. A particular case, suitable for the 
illustration of the question, is tlieu taken, and by aid of 
the geometrical figure ta distinctly defined. Next comes 
the Construction. The Construction may be considered 
as equivalent to an experiment in physical or chemical 
science*; certain additional lines are drawn for the pur- 

* The coD8tructioii in Euciid'a method is the onlerly 
mode of submitting tho solution of the problem for the ap- 
proval of reason, . . . it is in the finit place a result, .... 
the mind has arranged the elements fif tho case and contem- 
plates the conclusion rosidting therefrom ; but, before de- 
Hnitively accepting the conclusion, formally Bubmits the 
arranged case to I'eaaon for approval. If demonstration 
follows, reason approves ; if reason disapprovea, demonstra- 
tion fails. Therefore, ' Euclid's Construction' is equivalent 
to the (ao-cftlted) experiment in physical or chemical science: 
the experiment ia, also, in the first place, a result ; . . . the 
conditions of the case are arranged by the mind which con- 
templates the conclusion, but which, before venturing to ac- 
cept that conclusion, aiibmits the aiTanged case (togotherwith 
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pose of giving completeness to the figure, so as to enable 
the necessary combinations and comparisona to be made 
in an orderly and systematic manner. The geometrician 
is now in a position to obtain the answer to the requisi- 
tion. This is at first briefly stated as a positive or 
decided conclusion. The demonstration then follows ; 
in which the answer to the requisition, as stated, is justi- 
fied by the facts upon which it is based, and shown 
thereby to be the reasonable and only correct explanation 
of the result. 

We have elsewhere stated that the primary and most 
important of the two-fold purpose, which Euclid's work 
had in view, was to teach and illustrate the philosophy — 
i.e., the scientific system of reasoning, and that the 
application of the philosophy in his treatise on the 
science of 'Form and Magnitude,' does not justify the 
inference that the philosophy has a peculiar connection 
with that one division of science, and that it is not, with 
the requisite modifications, equally applicable to the other 
divisions of science. 

* Note (a). In writing thus it is to be understood that 
we are idealizing Euclid, and considering him as the 
representative author of a work which cannot reason- 
ably be supposed the production of one individual only ; 

the conclusion that it contemplates accepting) for. tho ap- 
proval of reason. If the experiment (properly performed) 
succeeds, reason approves ; if reason disapproves, the exper- 
iment fails. It may be an exhibition experiment: the 
experimenter has himself accepted the result (he has re- 
peatedly performed the experiment and has knowledge that 
reason approves the arranged case), but he exhibits the 
experiment. For what purpose ? In order to demonstrate 
to the spectators the approval of reason ; or, more strictly 
speaking, to demonstrate the legitimacy of the arrangement 
and soundness of its conclusion, which conclusion is thus 
authoriEed and commended by reason for the mind's accep- 
tance aa knowledge. 
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it may be that a large part of the ' Elements,' us well aa 
the arrangement of the parts and the coherent complete- 
ness of the exposition as a whole, is attributable to Euclid 
himself, but to some extent, at least, the book must be 
considered aa the arrangement of the work of his prede- 
cessors by Euclid. — 

We do not assert that Euclid himself bad, in arranging 
the work, a clear and distinct appreciation of the philo- 
sophy as a system of reasoning not peculiarly connected 
with that one division of science to which it is applied 
in the ' Elements.' It is aJmost certain that he had not, 
and it is, humanly speaking, almost impossible that he 
could have had such a distinct appreciation of the fact. 
In the first place, the choice of the subject of the appli- 
cation was not originally his, the compound of the 
philosophy with that particular division of science was 
known as Geometry before his time, and was already 
regarded, not as a compound, but as a peculiar 
(inystical) division of knowledge ; if Euclid had clearly 
perceived the fallacy of thus regarding it, some decisive 
indication that he did so would appear in the work. 
And, secondly, it must be remembered that most of the 
divisions of science, as we now recognize them, were at 
that time quite unknown, and, it may be said that, 
scientific knowledge was in a great measure comprised 
in that one division which alone had been scientifically 
arranged. It was, therefore, evidently almost impossible 
for Euclid to clearly appreciate tlie general relationship 
of philosophy to all the divisions of science, because he 
was quite unacquainted with even the existence of the 
major part of tliosc divisions, and was consequently, 
not in a position to appreciate the inter-relation of the 
divisions to each otfier as parts of one general science. 

• Note (b-) — There is however some apparent evidence 
that Euclid did in a m(^sure regard the exposition of the 
particular science primarily as a means of illustrating and 
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teaching the general philosophy : instances of proposi- 
tions treated in a very indirect and elaborate manner, at 
least, suggest such an explanation. Notable instances 
of this kind are the 1st prop, of Book ni, and the 9nd 
prop, of Book XII.* — 

The rules of philosophy are not in the same case with 
the postulates of Euclid's formal method. The laws of 
reason— that is, the authoritative rules by which know- 
ledge is fo be compounded, and according to which com- 
poimd knowledge is to be accepted as sound, or rejected 
as unsound, cannot be altered, and may not be tampered 
with in any degree, nor is it permissible to disregard 
them. An unintentional neglect of these rules through 
ignorance or carelessness entails in all cases some degree 
of retributive punishment on the offender, according to 
the circumstances and the greater or lesser importance of 
the subject on which the mind thus neglects the laws of 
its intellectual existence. A wilful disregard, contempt, 
or defiance, of these rules is an intellectual crime, and, it 
may be, if the subject be of great importance, and, espe- 
cially, if the mind be of great capacity and the acknow- 
ledged representative of many others, a crime of fright- 
ful magnitude, of which the consequences fall, not 
only on the individual offender, but on an indefinite 
number (a vast number, perhap8_) of other persons. 

It is our purpose to bring, almost immediately, this 
subject, namely, the ' law of intellectual existence ' and 
the ' responsibilities belonging to knowledge,' particularly 
before the public. 

We will now proceed to the demonstration of the 
geometrical problem, in its several forms — that is to say, 
the several forms of the one general relationship in form 
and magnitude between the straight-line and the peri- 
meter of the circle. 



* We will in the Appendix make some examination of 
these propositions relatively to the above suggestion. 
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PART FIRST. 

1. Definition — If a circle be applied upon a straight 
line, and the circle be then moved upon the straight line in 
such wise that each point in the circumference, successive 
to the point in the circumference which is first in contact 
with the straight line, be brought successively into con- 
tact with the straight line — to wit, with each similar 
successive point in the straight line, commencing from 
the point in the straight line which is first in contact 
with the circle, and if the circle be in such wise con- 
tinually moved until a given point in the circumference, at 




Fig. 1. 

a definite distance from the first point of contact, become 
in contact with the straight line — the circle is said to be 
rolled upon the straight line from the point in the 
circumference first in contact with the straight line to the 
given point in the circumference. 

(Pig. 1,) het A.B^C. be the circle applied upon the 
straight line B.E,F.j and in contact with the straight 
line at -4., and let B. be the given point in the circumfer- 
ence. If the circle be moved upon the straight line in the 
direction 2).J5.jP., and be so moved that each successive 
point in the circumference between A, and B. become 
successively in contact with each similar point successive 
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in the Btraight line from the point A., and be so moved 
continually until the given point B. in the circumference 
of the circle be in contact with the straight line — the 
circle A.B.C. is said to be rolled upon the straight line 
D.E.F., from A. to B. on the circle, (a.) 

But if the given point be upon the straight line, at a 
definitedistancefrom the firstpoint of contact between the 
circle and the straight line, and the circle be moved, in such 
wise as before, until some point in the circumference be- 
come in contact with the given point on the straight 
line — the circle is said to be rolled upon the straight line 
from the first point of contact to the given point on the 
straight line. 

(Fig. 1.) Let F. be the given point on the straight line, 
and let the circle A.B.C. be continually moved from 
the point A., in the direction DE.F-, in the manner 
directed, until some point in the circumference be- 
come in contact with the point F. on the line — the circle 
A.BC. is said to be rolled upon the straight line from A- 
to F. on the hne. (h.) 

2. Definition — Ifa straight line be made to deviate 
from its evenness between the two extreme points tliereof 
in such wise that the line be made to contain a circle or 
to contain any part of the circumference of a circle — 
the straight line is said to be bent or curved into the arc 
of a circle- 
Similarly ifa curved line be extended until it hea 

evenly between its extreme points — the line is said to be 
unbent into a straight line. 

3. Definition.. Arcs which are similar fractions of 
circles of different magnitudes are called similar arcs 
of different magnitudes, e. g., if A. B. be an octant 
belonging to a circle of any definite magnitude, and 
C. D. be an octant belonging to a circle of twice the 
magnitude of the first ; then 0. D. is called an octant or 
similar arc of twice the magnitude of A. B. 
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Postulates. — Let it be granted that : 

1. A circle, or that any arc of a circle may be rolled 
upon a straight line. 

2. A straight line may be bent into a curved line. 

3. The arc of a circle, or other curved line may be 
unbent (extended) into a straight line.* 

Axioms. — 1. The arc of a circle formed by bending a 
straight line into a curved line is equal in length to that 
straight line. 

2. The straight line formed by unbending the arc of a 
circle into a straight line is equal in length to that arc. 

3. If a circle be rolled upon a straight line from the 
point of contact in that straight line until a given point 
in the circumference become in contact with the straight 
line . . . the distance between the first point of contact 
and the last point of contact on the straight line, is 
equal to the distance between the first point of contact 
^nd the given point on the circumference of the circle. 

4. If similar arcs of difierent magnitudes be rolled 
upon a straight line from the original to the termi- 
nal extremity of each arc, the distances on the straight 
line between the first and last points of contact are 
respectively as the differences in the magnitudes of the 
similar arcs. (Because the ratios of the circumferences 
of circles are as the ratios of their radii.) 



*Should any one be disposed to object that the operations for the 
performance of which leave is here taken are of a mechanical nature^ 
a little consideration may convince them that describing a circle with 
a centre and radius is quite as much so. But in fact the circle is to 
be geometrically not mechanically rolled, and the reasoning is quite 
independent of any mechanical operation in both cases. It may be 
thus explained : — The circle is merely supposed to be rolled. The 
reasoning investigates and determines the alteration which would be 
occasioned in the relative positions of certain points if the circle were 
to be rolled. 
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Va-bal definilioii. —When a magnitude is said to contain 
a certain number of leseer magnitudes, it is defined that 
the greater magnitude ie wholly compounded of that certain 
number of Ihoee lesser magnitudes ; similarly, when a line 
(or B definite quantity of longitudinni space) is stated to 
contain a certain number of (equal) parts, the line (or definite 
quantity of space), is detioed by the statement to be wholly compBiui- 
ded of that certain number of lliose p&Tte. 



F CNDAMENTAL Proposition. 

That the difference between the sine-length and arc- 
length of the Octant or (between the chord-length and 
arc-length of the Quadrant), is one-tenth of that arc- 
length. 

CONSTKUCTION ; FiGS, I & '^. 

With the centre A. and radius A.B. derscribo the quadrant 
B. F. Bisect B. F. at M. Draw M. N., the sine of the arc 
S. 31., at right angles to A. B., intercepting A. B. at iV, 
From B. at right angles to A. B., draw B. E. of indefinite 
length, tangential to the are B.M. Divide the arc M.F. into 
ten equal parts uC the points of equal division a.b.cd.e.f.g./u. 
From J/, draw M. D. perpendiculai- to B.E, and intercepting 
B.E.&iD. 

Scholium. — If the curved line, forming the arc B. i/. 
cut off from the quadrant at jl/., is supposed to be straight- 
ened upon. the line B. E., the line B. M. will then throughout il*f 
entire leogth be applied upon the line B. E., (i.e., will coin- 
cide with apart of the straight line B. E.,) and the point Jf. 
at the extremity of B. M., will manifestly be in contact 
with (i.e. coincide with) a point in the Une B. E. at some 
place more distant than the point D. from^. Let 0. in- 
dicate the point ofcontaetof ilf., when the curved line B. M. 
is Btraightened upon the line B. E. 

Again, if the arc B. M., in contact with the lino B. E. 
atB., is supposed to berolled from B. upon the line B. £. 
until the point M. at the opposite extremity of the ai'C 
become in contact with the line B. E., then, since each 
and every constituent (or component) part of the arc B. M. 
is BUccessively brought into contact with ewch similar 
constituent (or component) part of the line B.E., the 
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point of contact most necessarily be the same point 0. 
touched by M, when the curved line forming the arc 
B. M. is straightened upon B.E,, and the straight line 
B, 0, (i,e,, the straight line contained between the point 
B. and the point of contact indicated by 0.) must neces- 
sarily contain the same quantity of length contained in the 
arc B,M. 

Construction continued, — Suppose the arc B,M. to be 
straightened upon the line B, E, ; and let 0, indicate the 
point on the line B. E, which coincides with the point 
Jd. at the extremity of B. Jf. when so straightened. From 
0. perpendicular to B, E, draw 0, C. equal in length to 
A. B, With centre C. and radius C. 0, describe the 
quadrant P, Bisect 0. F, at S. Through C. 0. join 
S. M, intersecting C. 0. at R. and through S. draw C, Q. 
intercepting B, E. at Q. Join (7. F,, F. Q. 

From S. perpendicular to B, E, draw S, F. Produce 
M. S, through 8. intercepting F, Q, ; and, from the point 
X, on the line so produced, taken at the distance S. X, 
equal to the distance M. R, on the same line, draw the 
perpendicular X. F., intercepting B, E, at F. Divide the 
line ^, S. into nine equal parts at the points of equal division 
b. c, d. e. f, g, h. i. 

Preliminary Examination of the Construction, 

Since, if the quadrant B. F. be rolled upon the line B E. 
until the point Jf., bisecting the quadrant, arrive at 0, (which 
indicates the unknown actual point of contact), the point F, 
at the extremity of the quadrant, must necessarily arrive at 
S, (p. S, represents what will then be the place of M, F., 
because M. arrives at the point indicated by 0., and F, 
then, necessarily, arrives at S,), the point e, bisecting the 
arc JId, F, must also, necessarily (when the arc B, M has 
rolled through half its length) arrive at e. on the line M, S, 
because the line M. 8> is equal to the arc M, F, ; it, therefore, 
follows that each of the divisional points a, b, c. d, e,f, g. h. i. on 
the arc i/. F. must arrive successively at each of the divisional 
points a. b, c, d. e. f, g, h. i. on the line M, S. Again,if the quad- 
rant be further rolled upon the line B.E. until the point F., at, 
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the extremity of the quadrant, be in contact with B. E., the 
point of contact miwt neoeasarily be the point T. (becaueo 
the arc 0. S. (or M.F. is similar and equal to the arc jB. M. 
und the movement of the ono arc ia sirailnr and equal to the 
movement of the other) and T. Y. is equal to D. 0.. there- 
fore, since B. arrives at the point indicated hy 0., and 
since f. (or 5.) must then necessarily (if the rolling becon- 
tinued)arrivo at Y., the line 0. Y. is equil to the line Jf S., 
■which ia equal to the line B. 0., which by the hypothesis of 
the construction is the same length as the arc B.M, 

Scholium. — By the Proposition upon which the construction 
is based, the first diviaJonal point a. on the line M. S. falls on 
the point R., and the space M. a. equals the space M.R. 

We have to demonstrate that the point on the line M. S. 
does coincide with the point E. — 

Does the constructkin furnish a basis for geometrical de- 
monstration ? 

Divide the radius A.M., of the aicB.M., at /., thepoint 
of bi-section. With centre /.and radius I.Sf., describe 
the quadrant H. G., half the lengtii (magnitude) of the 
quadrant B.M.P. (because the radius I.M. is half of 
A.M.) The point M. which bisects the greater, bisects 
also the lesser quadrant; and the arc M.C., the half of 
the lesser, is similar to M.F., the half of the greater 
quadrant. From the point II. draw the tangential line, 
of indefinite length, H.W., and bisect the space on that 
line contained between the perpendiculars R.O. and M.D., 
in the point P. 

Now, let the arc H.M. G. be rolled upon the straight 
line II. W. until the point M. become in contact on the 
line. . . Since the arc is similar to the greater arc and the 
motion ia similar, and the lesaer contains one-half the 
length of the greater, it is manifest that the point 6^., 
at the extremity of the are will intersect the line M.S. at 
point of bisection of that line . . to wit, at the point e., 
half the distance of S. from M., on the line M.S. But 
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since the two ar6s are similar, and the magnitude of fche 
lesser is one-half of the greater, the sine of the lesser is 
also one-half the sine of the greater. Consequently, the 
remaining half e. 5. of the line M.S^ must contain one-half 
of the sine-length and one-half of R,M. the difference 
between the sine and arc-length of the greater arc. If, 
therefore, the sine S.R. of the greater arc be evenly di- 
vided, e.S. contains one-half of those even divisions, 
together with one-half of R,M. But e.S. also contains 
one-half of the even divisions contained in the line M.S. 
(arc-length). Evidently, therefore, each of the nine 
equal parts in the sine B,S. is compounded of a divisonal 
part of that line together with a similar divisional part 
of BM. Also, it is evident that if the entire line M.S. 
(which is the arc-length) be evenly divided into ten 
equal parts, each of the divisional points must correspond 
with each similar point in the arc, and, in that case, if 
the greater quadrant be rolled through the half octant 
on the line B.E.j the central point e. in the octant 
M. jP. must intersect the point e. on the line M,8. But 
can it be shown that the eight divisional points dividing 
the sine S.R. into nine equal parts, must necessarily 
coincide and be identical with eight of the divisional 
points dividing the entire line S.M. into ten equal parts, 
if that line be so evenly divided ? 

Note. —The foregoing examination has for its purpose to facilitate 
a preliminary apprehension by the student of the fundamental facts 
upon which the following investigation is based. In reference to 
Euclid's Elements, its purpose and character may be thus explained. 
The first proposition, for instance, in that work, commences with di- 
rections to construct a certain figure. The directions are quite definite 
and subjective ; certainly they are not the random directions to draw 
an experimental figure which might or might not serve the intended 
purpose. It is evident therefore, that antecedent knowledge, an 
empirical and general knowledge, of the particular subject to which 
the construction belongs, must have been in the mind of Euclid, to 
enable him thus to present the case in such a form as to necessitate 
the reasonable acceptance of his conclusion, in other words, he must 
have had antecedent reasons for directing the particular construction 

B 
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Let it be supposed that the divisional part M.M. is un- 
equal to each of the other divisional parts, and let it be 
less than each of the nine equal divisions of S.R. Now, if 
the lesser quadrant fi^.itf.G. be rolled the half distance as 
before, the point G., at the extremity of the arc will 
necessarily intersect the line M.S. at the point of bisection, 
and the half of that line ao cut off must contain half the 
sine S.R- together with half of the divisional space B.M-; 
but by the supposition R.M. is less than one of the nine 
equal divisions ofM.R., and, therefore, the point G., at the 
extremity of the arc, cannot, by the supposition, 
intersect the line M.S. at tlie point e., if e. be one of 
the divisional points dividing the sine S.R. into nine 
equal parts, because the half of M. S. cut oiF by 
ihe point G. contains one-half of S.R. together 
with one-half of M.M., which {i.e., R.M) by the suppo- 
sition is less than one of the equal parts of S.R. If the 
supposition were sound in fact, evidently, the sine S.R. 
could not be, then,evenly divided (into nine equal parts) 
because, if the entire arc-length be evenly divided (into 
ten equal parts), each part is compounded of a part of 
?.^, and a part of R.M- in tlie same ratio as the ratio of 
the whole of S. R. to the whole of R.M. Therefore, 
\£ S.M. be divided into ten equal parts, and SR- be 
divided into ten equal parts, each one of nine of the 
equal divisions of S.R. will compound with one-ninth 
of R-M., consequently the remaining one-tenth of R.M. 

to be drawn. The purpose of the above ezsminatioD is to put the 
etudentinpofleeBsionofoursimilarBntecedentrefLBODBfordictatiQgthe 
constructioaH belonging to the following propoaitioaa. A legitimate 
accordance with Euclid's method alone, would not necessitate our 
fumiehing any such preliminary examination. It would be euffieient 
to commence at once with our first theorem in which the demoaetra- 
tion ia quite independent of the preliminary examination. Mindful 
however, that we are here engaged in laying the foundation of 
Cyclometry as a very important subdivision of legitimate science, 
we leel assured the method adopted will be found mure advantageous. 
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must likewise compound with one-tenth of S^R^ because 
all parts of ihe arc-length are similarly compounded. It 
follows, therefore, that the supposition is unsound, and, 
that the point G. at the extremity of the lesser arc, 
which bisects the line M.S. must necessarily intersect 
the point e. of equal division in that line ; and it be- 
comes apparent that if the line S,It* be evenly divided 
into ten equal parts, and to each of the equal parts, one- 
tenth part of jR.if. be added, the ten parts will be in- 
creased into ten equal divisional parts of the line S.M., 
of which ten equal parts the line S.R. will contain nine. 
Hence it is evident that the construction affords the 
means of demonstrating the proposition. 

The Fundamental Proposition, 

Theorem. — If the octant of a circle be divided into ten 
equal partSj the sine of the octant shall contain nine equal 
pa/rtSj each of them eqiud to each of the equal parts con- 
tained in the octant. 

Demonstration, by the construction* Fig. 1 (already 
described ) 

Since, if the quadrant M. F, be rolled upon the line 
B. E. until the point M,j bisecting the quadrant, arrive 
at the point of contact on the line B, E. that place of 
contact must be a point in the line B, E. more distant 
than the point D. from the extremity of the line B. E. 
Let the place of the point of contact be tentatively in- 
dicated by 0., (leaving the actual distance of the point 0. 
from the point 2> , to be determined by demonstration.) 
Now, whatever may be the correct distance of the point 
0. from the point 2)., it is evident that when M. arrives 
at the point of contact, the point i^., at the extremity of 
the quadrant, must necessarily arrive at 8.^ because 0. 8. 
represents what will then be the place of the octant M. E. 
It is also evident that, wherever the precise place of 
contact on the line B. E. may be, a perpendicular drawn 



29 



THE CIRCLE AND STRAIOHT LINE. 



from that place (to wit, the place iudicated by 0.) must 
be the line 0. E. C. which intersecta the line M. i? in the 
point a., because the point M. (which arrives at 0.} k 
the extremity of the octant M.F. and the point a. is the 
extremity of the sine of that octant. 

The octant Jtf. F. is divided into ten equal parts at the 
points of equal division, a. h. c. d. e.f. g. k, i. It ia 
evident that if the quadrant be rolled until the first divi- 
sional point a. becomes in contact on the line B. E. the 
distance of that point of contact a. from the point of con- 
tact 0. must be the same as the distance between the 
point M. and the point a. in the octant M. F,, for 0., the 
point of contact on the line B.E., represents the point M. 
when it arrives at the line B. E. 

Now, suppose the point M. to be in contact on the line 
B.E., and let the quadrant be rolled back again until the 
extremity of the quadrant be again in contact at B., the 
extremity of the line B.E. It is evident that since the 
curvature of the arc, which is a part of the circle, is 
uniform, the motion of each of the points in the arc in 
moving downwards from the line M.S. to the line B.E., 
when the quadrant rolls forwards, and also in moving 
upwards from the line M. 8. to the line B.E., when the 
quadrant rolls backwards, must be similar and equal 
to the motion of each of the other divisional points on 
the arc. Consequently the motion of the point a. is 
similar and equal to the motion of the point M., and, 
therefore, since itf. returns from the point 0. and moves 
towards ^., through the horizontal distance O.B., which 
is the same as the distance li.M., the point a, moving 
from the point of contact a., on the line B.E., must move 
through an equal space and must intersect the line M.S. 
in the point a., at the same distance M.a. from the point 
M. on tiie line M.S., as the distance M.a., on the octant 
M.F. and as the distance M.a. on the line B.E. 
Again, let the quadrant be riJUed until the second divi- 
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sional point 6. of the octant M.F, become in contact 
on the line jB.-B. Since when the point ft, passes through 
the line M.S.j the arc must intersect that line similarly, 
and at the same angle of intersection, as in each case 
respectively when each of the points a. and M. pass 
through that line, it is evident that the distance of the 
point of intersection ft., on that line, from the point of 
intersection a., on that line, must be the same as the 
distance of the point a. from the point M,y because the 
motion of the point 6., when the quadrant is rolled upon 
the line -B.JB., is equal and similar to the motion of the 
point tt., and to the motion of the point M. It is also 
evident that when 6. arrives at the point of contact 
on the line B,E.^ the distance of that point from 
the point a. will be the same as the distance 
of the point a. from 0., and the same as the distance of 
the point 6. from the point a. on the octant M, F. Now, 
since the point M, moves from the point of contact 0., 
on the line B. E,j intercepted by the perpendicular 
jR. 0. (which intercepts the extremity of the sine S, i2.), 
to the place M. on the line M. S, ; and since the point a. 
moves from the point of contact on the line B. E,, to 
the point a. intersecting the line M. S. at the extremity 
of the sine S, B.y and since, when M- is in contact on the 
line B. E, at 0., the point F, at the extremity of the 
quadrant necessarily arrives at 5., it follows that each of 
the successive divisional points in the octant M, F, from 
the point a. to the point F, must pass through each suc- 
cessive divisional point on the sine S. B, ; to wit the 
point 6. on the arc, through the point ft. on the sine ; the 
point c. on the arc, through the point c. on the sine, and 
so on, in like manner ; each successive point in the arc 
through each successive point in the sine. But, further, 
the point F, at the extremity of the octant having arrived 
at S. the extremity of the sine, let the quadrant be 
rolled until the same point F. become in contact on the 
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line B. E-, then, since the motion of the arc is uniform, 
and the motions of all the points on the arc, in descending 
from the line M. S- to the line B- E-, and ascending from the 
line B- E- to the line M.S., are similar and equal, the place 
of contact must necessarily be the point Y., at the same 
distance from the point T. as the distance of the point a. 
from the point M. and tlie same as the distance of the 
point h. from the point a- And if the quadrant be again 
rolled back until the extremity thereof be in contact at 
the extremity B. of the line B. E., the point J^., leaving 
the place of contact Y. on the line B. E-, must evidently 
pass through the point S- at the extremity of the sine ; 
and the next divisional point i. on the arc, leaving the 
place of contact T-, must pass through the sine S. It- at 
the point of intersection i. ; and, in like manner, each 
successive divisional point of the arc must pass through 
the corresponding successive divisional point in the sine; 
finally the point a-, leaving the point of contact must 
arrive at the extremity B. of the sine,andthe point iff., leav- 
ing 0. on the line B. E., must return to its first position, 
at the distance a. M. from the extremity R. of the sine. 
Since, therefore, tiie octant M. F- is divided into ten equal 
parts, of which equal parts, the part contained between 
the points i(f. and a. is one part ; and since, if the quadrant 
be rolled, the point a- in the octant intercepts one extremity 
of the sine S. R., and, if the rolling be continued the 
point F-, at the extremity of the octant, intercepts the 
other extremity of the sine, it is made manifest that the 
sine 8. R. contains nine equal parts, each of them equal 
to each of the divisional parts of the octant M- F., and 
that, since the remaining equal part M. a. of the octant 
is also shown to equal M. a. on the Hne M. S., the line 
M. S. contains ten equal parts, each of them equal to 
each of the ten equal parts contained in the octant M. F. 
"Wherefore it is demonstrated that, if an octant be 
divided into ten equal parts, the sine of the octant shall 
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contain nine equal parts, each of them equal to each of 
the equal parts contained in the octant. q.e.d. 

CbroBory.— Hence the difference between the arc- 
length and the sine of the octant is equal to one-tenth 
of the octant. 

The Fundamental Theorem — Repeated (1). 

ITie difference between the arc-length and sine of an octant 
is one-tenth the arc-length. 

Demonstration by the Fundamental Construction — 
(Figs. 10 & 11, Frontispiece.) 

Fig 10 is a repetition of Fig, 1 on an enlarged scale, 
similar letters denoting similar parts. 

Divide the radius A,M. into ten equal parts. From the 
extremity M. take one part AM. as a radius, and with 
centre A. and radius A.B. (equal to il.M.,) describe the 
quadrant B.M.F^ Complete the lesser figure similarly to 
the greater figure. 

Since M.F. the lesser and M.F, the greater are both 
octants, and the lesser radius A.B. is one-tenth the 
magnitude of A.B. the greater, the lesser octant B.F. is 
equal to M.a. the one-tenth part of the greater octant 
M.F. ; therefore, if the lesser quadrant be rolled upon 
the line B. Q. until it become in contact thereon, the 
extremity F. of the lesser octant M.F^ must necessarily 
arrive at a. the first point of intersection on the line M.S. 
the greater. Now Jlif .S. the lesser, which is by the con- 
struction one-tenth the magnitude of M.S. the greater,con- 
tains M.M. the lesser (which, by the construction, is like- 
wise one-tenth the magnitude of R.M. thegreater), and con- 
tains also i2.iS. the lesser(which is one-tenth the magnitude 
of R S. the greater). Let the magnitude of B.M. the lesser, 
be doubled, and together with it the other parts of the 
figure. Then B.S. the lesser will be also doubled, and 
since M.B. and B,S. compound i(f .£(•, M,S' the lesser is 
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doubled by doubling R.M. the leaser. Now, by the con- 
struction, M.S. the lesser is one-tenth thfl magnitude of 
M.S. the greater, and therefore M.S- the lesser, doubled, 
is one-fifth the magnitude of MS. the greater. Similar- 
ly, and by a parity of resaoning, if R.M. the lesser be 
increased to five tunes the magaitude, M.S will be in- 
creased five times, and become equal to the one-half of 
M.S- the greater. Therefore, if R-M. the lesser be in- 
creased ten times, M.S- the lesser will become M.S. the 
greater. But as R.S. the leaser ia one-tenth of R.S. the 
greater, R.S- increased nine times will equal nine-tenths 
of R.S. the greater, and M.S. the lesser inc-eased nine 
times will equal nine-tenths of M.S. the greater. There- 
fore nine-tenths of R.S., and nine-tenths of R.M- aie to- 
gether equal to nine-tenths of M.S. Wherefore it is 
made manifest that R.M. is the one-tenth part of M.S. 

The FLfsDiMENTiL Theorem — Repeated (2.) 

If tlie sine of an arc containing one-eighth of a circle he 
divided into nine equal parts, the difference of the sine and 
arc-length is equal to one of those nine equal parts. 

Fig. 3. The Construction. — With centre A. and radius 
A.B. describe thequadrantB.C Bisect 5. C in the point 
S. Draw the tangent B. D., and the cotangent C D., of 
the octant B. S, Draw the sine R. S. of the arc B. 8., 
and produce R. S. through S. intercepting C. D. in the 
point T. Divide the sine R, S. into nine equal parts, 
and on the line S. T. take S.3£. equal to one of the nine 
divisional parts of R. S. Draw the perpendicular 3£.3£. 
intercepting the line B. D. in the point X Draw also 
S. W. parallel to X.X., intercepting the line B. D. in 
the point W. 

Divide the radius A, B. into ten equal parts. Prom 
the point 8., parallel to the radius A.B ., draw S. b. 
equal to one-tenth of the radius A. B. With centre S. 
and radius 8. b. describe the quadrant 6. t, and bisect 6. t. 
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in the point 8. Draw the tangent 6. rf., the cotangent 
t d.y and the sine r. s. From s. draw s. e. intercepting 
the line S. T.j at right angles, in the point z. 

Demonstration. — ^Because the lesser arc 6. s. is one- 
tenth the magnitude of the greater similar arc B. S.j 
the sine s. r. of the lesser is one tenth the magnitude of 
the sine S. R. of the greater; and e. x. the diff. of the 
sine and arc-length of the lesser is one tenth the magni- 
tude of S. X. the diff. of the sine and arc-length of the 
greater ; and ^. t. the diff. of the sine and tangent of the 
lesser is one-tenth the magnitude of S. T. the diff. of the 
sine and tangent of the greater ; and x. t. the diff. of the 
arc-length and tangent of the lesser is one-tenth the 
magnitude of X. T. the diff. of the arc-length and tan- 
gent of the greater ; therefore S. x. the arc-length of 
the lesser is likewise one-tenth the magnitude of JR. X. 
the arc-length of the greater. But S. x. the arc-length of 
the lesser arc b, S.y is also the diff. of the sine and arc-length 
of the greater arc B. S. ; and therefore if the arc-length 
H. X. of the greater arc, be divided into ten equal parts, 
the sine R. S. contains nine of those equal parts, and S. x.y 
the diff. of the sine and arc-length, contains one of those 
equal parts. Wherefore it has been demonstrated that . . 
if the sine of an arc containing one-eighth of a circle be 
diyided into nine equal parts, the difference of the sine 
and arc-length is equal to one of those equal divisional 
parts. Q. H. B. 

The same demonstration shown negatively. 

Let it be supposed possible that S. X. the difference of 
the sine and arc-length of the octant B.S ., is less than the 
one-tenth of R. X. the arc-length. Now it is manifest 
that jsf, X, the diff. of the lesser sine and arc is one-tenth 
of 8.x. the diff. of the greater sine and arc, because by 
the construction the lesser arc b,s. is one-teath the mag** 
nitude of the greater arc B.S. But, since the diff. of the 
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arc and siae, and the sine itself, have always the same 
proportion each to the other and each to the arc, what- 
ever the magnitude of the arc may be, a reduction in the 
magnitude of the diff. to the one-tenth is also a reduction 
in the magnitude of the sine to the one-tenth. Now by 
the supposition, S.X. in the lesser figure, containing the 
sine and the diff. of the reduced magnitude is (propor- 
tionally) greater than S.Jf. in the greater figure, which 
contains the dif. only of the greater magnitude,* Let the 
magnitude of S.X. in the lesser figure be again increased 
to ten times, evidently the whole of the lesser sine, which 
is included therein, will contain and become included in 
S.R. the greater sine, which is ten times the magnitude of 
the lesser sine ; and X s., of the lesser figure, increased 
to ten times the magnitude, cannot become greater than 
X.S. of which it is the one-tenth. Therefore, 
it would follow that, .although iS. ^. is the one-tenth of 
S. S; and ^. 3£. is the one-tenth of S. ^. . . S. e, and 
e. Jf. added together (i. e. S. X) are less than equal to 
one-tenth of -B- S. and S- X- added together, to suppose 
which would be absurd ; therefore it cannot be held that 
>S'. X.^ the difi^ of the sine and arc-length, is less than 
one-tenth of R. X. the arc-length. 

Again, let it be supposed possible that 8. X. may be 
a magnitude greater than one-tenth of R. X., then it 
would follow that . , although S. z- is manifestly the 
one-tenth of R. S., and 0. X. the one-tenth of S. Jf. 
S. e. and 3. X taken together (i. e., S. X) are greater 
than one-tenth of S. R. and S. X taken together (i. c, 
R. X), to suppose which would be unreasonable ; there- 
fore since S. X the diff, of the sine and arc-length, can- 
not be a lesser or a greater magnitude than the one-tenth 
part of R. X, it must be equal to the one-tenth of R. X, 
the arc-length of the octant R- S. 

• Because S.X. in the lesser Ggnre ia onivteDtb of A.X in the greater, 
and, b; the suppoaition, tbe dif. only ia Iess tbun one-teiitb. 
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The Fundamental Theorem — Repeated, (S.) 

If the sine of an arc containing the eighth part of a 

circle be divided into nine equal parts j the diff. of the sine 

and arc-iength is equal to one of those nine eqtml divisionc^ 

parts. 

Fig. 4 (a.)* The Construction. — ^With centre A. and 
radius A.B. describe the quadrant B. (7. / and bisect the 
quadrant in the point M. Draw the sine M.N., the 
tangent B.E.y and the secant A,E. of the octant B.M, 
From the point M. draw the perpendicular M.D. inter- 
cepting the line BJE, in the point D. On the line B.E. 
take the point 0. at a distance from B. greater than the 
distance of the point D. by one-ninth of the distance B.D. 

Diminish the radius A.B. by the one-tenth part ther^ 
of and with the reduced radius KJB.^ and the centre 
K, describe the lesser octant B.n. From n. draw the 
perpendicular n.e. intercepting the line B.E. in the 
point e. 

The Requisition. — Assume the distance of the point 
0. from B. to indicate the arc-length of the greater 
octant B.M. It is required to demonstrate the relation 
of the difference between the arc-length (indicated by 
JD.O.j) and the sine of the octant B.M.j to the actual arc- 
length (or to the sine length) of that octant. 

Demonstration. — Since the arc B.n. is of one-tenth 
less magnitude than the similar arc B.M,^ the arc-length 
of B.n, is one-tenth less than the (actual) arc length of 
B.M. indicated by B.O. And since the sines of similar 
arcs of different magnitudes are to each other as the arcs 
to which they belong, the sine np- of the arc B.n. is 
one-tenth less then the sine M,N. of the arc B.M. The 
difference of the arc-lengths of the lesser and greater arcs, 
which, by the construction, is one-tenth of the arc-length 
of the greater arc, contains therefore one-tenth of the 

• See page 37. 
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sine-length B-B. of the greater arc, together with one- 
tenth of the diff between the sine-length and the arc- 
length of the same arc BM. Therefore the actual arc- 
length of the arc B.M. contains ten-tenths of the aine- 
length together with ten-tenths of the diff. between the 
sine-length and arc-length. Now the diff between the 
eine-Iength and the arc-length has been shown to contain 
one-tenth of the sine-length together with one-tenth of 
the diff. between the sine and arc-length. WMrefore 
the diff- between the sine-length and arc-length of the 
arcB.M. (indicated by D.O.), is one-tenth of the actual 
arc-length (indicated by B-0.'), and consequently, if the 
sine-length B.D. be divided into nuie equal parts, the 
diff- (Z>.0.), between the sine and arc length, is equal to 
one of those equal divisional parts, Q. E. B. 

Demonstbation to thb last PaoposinoN — Repeated, 
Now if the leaser arc B. h., (or B. m.), be rolled upon the 
line B. E. until the point n., at the torminal extremity of 
the arc, become in contact, the distance of the point of con- 
tact from if. must be one-tenth leas than the similar point of 
contact 0. of the extremity M., of the greater arc ; because 
the arc B.n- is of one-tenth less magnitude than the similar 
greater arc B. M... (4th axiom). But since the sines of 
similar arcs are to each other as the radii of tho circles to 
which they respectively belong, the sine of the ai'c B, n. is 
one-tenth leas than tho sine of the arc B. M. Therefore 
one-tenth of B. O., the arc-length of tho greater arc, contains 
one- tenth of the sine B. D., and one-tenth of D. 0., the differ- 
ence of the sine and arc-length. Consequently D. 0., the 
difference of Ihc sine and are-length of the arc B,M.,is eqnal 
to one-tenth of the aine t<^etherwith one-tenth of tho differ- 
ence of the sine and arc-length. Wherefore the difference 
of the aine and arc-length of an arc containing ono-eighth of 
the circle, is shewn to be one-tenth of the entire arc-length. 
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Prop. A. — Theorem. 

Jf an arc containintf one eigJUh of a eircle,be applied upon 
a straight line, and, from the terminal extremity o/tJie arc, 
a perpendicular be drawn intercepting the straight line, and 
if from the arc one-tenth thereof be cut of, then if the 
remaining arc ( to wit, the arc containing nine-tentlis of the 
whole arc,) be rolled upon the straight line, until the termi- 
nal extremilg of the arc become in contact, the paint of con- 
tact shaU be the same paint on the straiglU line intercepted 
hy the perpendicular drawn from ike terminal extremity of 
the whole are. 

Fig- 4 (a). Let the arc B. M., containing one eighth of 
a circle and described with the radiiia A, B., be the are 
applied upon the straight line B. E., and let M. D. be 




the perpendicular drawn from -M! intercepting the straight 
line at 7). And let tbe arc B. m., nine-teoths the 
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length of B.M., be the arc cut off from B. M. If the 
arc B- «[. be rolled upon the straight line until ni.- arrive 
at the straight line, the point of contact shail be the 
point D- intercepted by the perpendicular M. D. 

From the radius A. B. take K. B, nine-tentha the 
length of -d. B.f and with centre K. and radius K- B., 
describe the arc B- n- similar to the arc B- M., and 
equal in length to the arc B. m.' Draw M. N., the sine of 
the arc B. M., and n. p., the sine of the arc B- n., From n- 
at the extremity of the arc B.n- draw the perpendicular 
«. C. intercepting the line B. E- at 0. 

Let the arc B- M. be rolled upon the straight line until 
M. become in contact, and let 0- indicate the point of 
contact- Let also the arc B- n- be rolled until n. become 
in contact on the straight line, and let d. indicate the 
point of contact. 

Because the radius K. B. is nine-tenths of the radius 
A. B„ the sine n. p. is nine-tenths of the sine M- N., 
and the arc-length of B. «■, which is indicated by B- d., 
is nine-tenths the arc-length of BiW.. which is indicated 
by B- 0., and Cd., the difference of the sine and arc- 
length of B. »., is equal to nine-tenths of D- 0- the differ- 
ence of the sine and arc length of the arc B- M. 

Now if the arc B. M. be rolled upon the straight line 
(back again) from the point of contact (indicated by 0.) 
until the opposite extremity of the arc be in contact with 
the opposite extrenuty of the straight line at B. the 
point M. must again arrive at M. the extremity of the 
perpendicular B- M., as in the first position of the arc, 
and, since the difference of the arc-length and sine of B. «., 
has the same proportion to tho difference of the arc 
length and sine of B. M., which the arc B. ». has to the 

* Circlee areproportiooal to each other directly astiieirrodii; there- 
. fore, since the radius K. B. is niDe-wntha of A. B. the arc B. n. is 
nine-tentha the arc B. M. But the arc B. m. m nine-tentliBof 5, M., 
tiierel'ore, the arc B. n. ia equal to the arc B. i». 
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arc B. M.J therefore, if the arc B. n, be rolled upon the 
straight line (back again) from the point of contact indi- 
cated by d, until the opposite extremity of the arc be in 
contact with By at the opposite extremity of the straight 
line n., the point at the extremity of the perpendicular 
n- C; at which the extremity n. of the arc arrives, must 
be arrived at by the point n. from a horizontal distance 
C. d. having the same proportion to JD, 0., which the 
sine w. p. has to the sine M. JV. Now the arc B. n. is 
equal to the arc B, M. diminished by one-tenth,* and 
C' 0. is the difference( Cd.) of the sine and arc-length 
of J5. w., and the difference (D, 0,) of the sine and arc- 
length of B. -^., taken together, .that is, the difference 
of the sine of the lesser arc and the arc-length of the 
greater arc. But, because the ratio of B. D, to B- C. 
is the same as the ratio of B, 0. to j5. d,y and the same 
as the ratio of d. 0. to c. d., the part (7. i>., of the whole 
distance (7. 0,^ has necessarily the same proportion to the 
part JD. 0. of the whole distance which the sine n. p- has 
to the sine M. iV., and, therefore, the distance C- d. is the 
same as the distance C. i>., and the point indicated by 
d. is the same point B. at the extremity of the perpen- 
dicular M. B. Wherefore it is demonstrated that if an 
arc containing one-eighth of a circle, &c., &c. Q. E. D. 

Corollary. — Hence it follows, — because the point w., 
when the arc B. n, is rolled, becomes in contact on the 
straight line at the point intercepted by the perpendi- 
cular M. />., and, because the distance B. D, is f'conse- 
quently) nine-tenths of B, 0., — ^that the sine of an arc 
containing one-eighth of a circle is nine-tenths the arc 
length, t {i-e.j the ratio of the length of the sine to the 
arc-length is the ratio of nine to ten.) 

• That is, B. M, is the arc B. n. increased by one-ninth of B, n, 
t Independent demonstration will be given of this proposition, 
but the corollary becomes apparent so soon as the point of contact, at 
which the extremity of the lesser arc arrives on the straight line, is 
determined. 
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Note. — Having regard to the great importance of the 
subject, and as this theorem is fuDdamental, it will be 
now repeated in a somewhat different form : — 

Scholium. — In considering the following case, since if 
several similar arcs of different magnitudes be rolled oa 
a straight line, the motion of the terminal point at the 
extremity of each arc is compounded of the vertical and 
oblique motion of each and all the coraponent parts of 
that arc, it is requisite only in comparingthe results of the 
motions of two or more of the similar arcs with each other, 
to talte the straight horizontal longitudinal advance — 
that is, the horizontal motion — into consideration; be- 
cause the result of the horizontal advauce includes the 
result of the vertical motion of which it is in part com- 
pounded, and which must be necessarily proportional to 
tlie horizontal advance and, also, to the magnitude of the 



Theorem A. {r^eated-') Fig. 4 (a). 

When the arc B. M- is rolled, M. advances to a point 
((. c, some point) on the straight line, indicated by 0. 
When the arc B. «., which is similar to the arc B. M., 
a,nd contains nine-tentlia of the length contained by 
B- M; is rolled upon the straight line, m- advances to a 
point (some point) indicated by d- Now the distances 
0- and d. from B. are so related to each other by the 
construction that B. d- contains nine-tenths the length 
contained by B. 0- Also the sine n. p., of tlie arc B. n., 
is nine -tenths the sine M- N., of the arc B.M, 

(2.) The distanced. 0., which is the horizontal advance 
of the point iff., contains the difference between the 
sine and arc-length of B- M. Now, if B. M. be re- 
duced by one-tenth part thereof, aud the remaining arc, 
by diminishing the radius in the same proportion, is 
converted info a similar arc, containing one-tenth less 
length, the sine of the leaser arc B. n. thus described 
will have the same proportion to the sine of the greater 
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arc B. M., — to wit, the sine n.p. of the ]eeser arc will be 
niDe-tenths the length of the aiue M. N- The difference 
(D. 0.) between the arc-length and sine of B. M. is to 
the ditTerence (C. d.) between the arc-length and sine of 
B- »■, in the proportion of ten to nine. But the one- 
tenth by which D. 0- exceeds C- d., is manifestly the 
increase belonging to the one-tenth of the arc B. M- by 
which that arc exceeds the arc B. n- Therefore, when 
the arc B. M- is diminished by one-tenth thereof, if the 
iesser arc, thence resulting, is rolled until the terminal 
point become in contact uii the atraigLt line, the advance 




Fig. 4 (a). 

of the terminal point must be less than D. 0. by onfr- 
tenth of D- 0- But the sine of the arc B- n- is one- 



^ 
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tenth less than the sine of the similar arc B. M., there- 
fore the distance between C. and d- must be leas than the 
distance C. 0- by . . one-tenth of D. 0. and one-tenth of 
B. J), taken together ; that is by the distance D. 0- ; be- 
cause B. B. and B. 0. taken together equal B. 0., and 
B.d. is nine-tenths of B. 0. ; therefore B. d. is equal to 
B. 0. diminished by D. 0. ; but the distance B. 0., dimi- 
nished by the distance B. 0., is B- D- and therefore the 
distance B.d., is the same as the distauce B.D. Where- 
foreit is demonstrated that the point of contact indicated 
by d. on the straight line B.E., at wliich the terminal 
point of the arc B.n. arrives, is the point intercepted by 
the perpendicular M.B. drawn from the terminal point 
M. of the greater arc B.M. 
(3) Because; — 
I B.C.iB.D.:: B.d. : B.O. > therefore 

r and B.C : B.d. : : B.d. -.B.O. J B. d. = B. D. 

^ That ifl :— 

The sine of B.n. is to the sine of B. M. as 

the arc-length of B.n. ie to the arc-length of B, if. 

The sine of B.n. is to the arc-length of B.n. 

as the arc-length of B.n. is to the arc-length of 

B.n increased by one-ninth. 

Wherefore the arc-length of B.n. equals the sine of 

B.M. 
It immediately follows — because d.O. is one-tenth 
of B.O.f that D.O (which is the same) is also the 
one-tenth of B.O. 

(4.) Again; let it be assumed io be possible that n. 
advances to some point, d-, less distant than i). from B., 
then must the ratio of the distance B. 0., to the distance 
B.d., be greater than the ratio M.N., lo n-p., because 
the point J), is, by the assumption, in advance of the 
point d., !ind the greater arc must advance from (it« 
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Rt&rtiDg point) the point D. proportionally to the 
advance of the lesser arc from (its starting point) the 
point C. Now the distance B. 0, coiitaina the distance 

B. C, together with the advance of the two arcs taken 
together — to wit, the advauce of Jtf. from JD., together 
with the advance of n. from C, and together with the 
difference, if there be any, between d., the advanced place 
to which M. advances, and D. the place from which M. 
commences to advance — tliat is, if d. be less distant than 
D. from C% C. 0. inclndesthe diff. Z>. 0. together with 
the diff. C.rf. and together with the diff.d.i).; (thus... . 

C. 0. includes the advance of «. through C. d., of M. 
through C.d. +-^', and the distance d.-D.) But B. O. 
and C.d. taken togetlier equal B.d., which is equal 
to M.N. And M.N. is to n.p. as ten to nine. There- 
fore B.d. + C.d. + ~' is to B. 0. + C.d., as ten to nine. 

By the assumption B.O. (i.e., B.C+ CO.) contains 

B.d. + ^ + d.I>., and therefore the ratio of B.O. to 

s 
B.d- is greater tlian the ratio of M.N. to n.p. by the 
distance d.D- Now, it is manifestly impossible that 
B.M. can increase by advancing in a greater ratio of 
proportion to the increase of B.n. than the proportion of 
the sine M.N. to the sine n.p., because B.M. and B.n. 
are similar area ; therefore the distance B.d. cannot be less 
than the distance B.I>. By similar reasoning it may be 
shown that the distance C.d. cannot be greater than CD., 
because then the advance of the arc B.M. would be pro- 
portional to the advance of the arc B.n. in a ratio of 
proportion less tlian the ratio of the sine M.N., to the 
sinenj)., to suppose which would be absurd. Wherefore 
it is demonstrated tliat the point of contact of the lesser 
arc B.n. on the straight line B.E., indicated assump- 
tively by d., is the same point J), at the extremity of the 
perjieudicular M.J). Q.E.D. 
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(5) Again —Fig. 6 (repeats the conBtmction of Fig. a.) 
Produce D. M. ihrough M., and make F. D. equal to 
A.B. Witli centre b'. nnd radius F.D. (iescribe the 
arc D.N. equal and similar to the arc B.M., produce 
tJie straight line £-5. through B. iudefinitely, and upon 
tlie line so produced roll the art; D. N. from D. in the 
direction S.B. until the extremity N. of the arc become 
in contact upon the line at some point T. Now the 
distauce B.T- is manifestly equal to the distance D.O., 




Fig. 4 (b.) 



because if the arc be rolled upon the line to the ex- 
tremity of the arc opposite to the point of contact, the 
advance in that direction must necessarily be equal to 
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the advance in the opposite direction, if the arc be simi- 
larly rolled in the opposite direction ; but the other 
extremity of the arc — to wit, the extremity which is 
in contact with the line at 2>., must likewise advance 
(to S.) in the direction D.B.^ a horizontal distance D.h. 
equal to the distance B.T. ; manifestly the arc T. S. 
must be equal to the arc I). N. (because both 
are the same arc in an altered position.) Also D- h.j 
which is equal to D.O., has the same ratio to C.d. which 
M.N. has to n.p. — to wit, the ratio of ten to nine. And 
the arc S, T. has likewise the same ratio to the arc B.n.j 
and the line D.T. the same ratio to the line B.d. 

Therefore (d.5. + B. T.) -= d. T. = (B. d. + d. 0.) 
=» (J5.0.) Now B.O. contains B.C. + CD. + D.O., and 
dLT. contains B.T. + B. C. -^ C.d.^ and since 5. T. 
eqnaliB D. O.j C.d. must equal CD. Wherefore it is 
dbBioiiBtratedy Ac, &c. 

'•NBi€d — ^Thifl last method is given as farnishing an independent 
HMMna of testing and verifying the preceding demonstrations. 

\\ 

t 

Prop. B. — Theorem, 
u. 

That if a straight line he drawn from the circumference 
of a circle to the radius, at right angles to the radius^ such 
that one-eighth part of tlbc circle he contained hetween tlic 
point in tlie circumference intercepted hy the lifie and the 
point intercepted hy tliat extremity of fJie radius nearest to 
it, then if tJie one-eighth part of the circle he divided into 
ten equal parts, tite straight line so drawn shall contain 
nine equal parts, each of tlhem equal to each of tlie ten 
equal parts contained in the one-eighth part of the 
circle. 

Fig.4. (c.) — Let M.N. be the straight line intercepting 
the radius A. B., at right angles, in the point N.^ and 
bisecting the quadrant B. F., in the point M. The 
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^H Btraigbt line M. iV/ahall contain nine equal parte, eacl 
^H of tlienioqiiitl to each of the ten equal parts container 
^H in the octant B.M. 
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Fig. i. (c.) 
>om the point B. draw the tangent B. E-; pro 
the line iV. Jtf. through itf. indefinitely ; and 

the line B. E. cut off B. 0. greater th^n B. B. bj 
one ninth of E. D. ; divide the arc B. M. into ten 
il parte, at the poiuts of equal division a. b. c. d. e. f 

i. 

ecause the line B. 0. is equal to the arc B. M 
eorem A.,) and the line B. D. contains nine-tenth 
i. 0., therefore the line K M., which is munifestlj 

1 to B. J)., also contains nine-tenths of the arc B. M 

refort it is demonstrated that if a straight line bt 

vo, &c., &c., Q. E. . 

orollary. — ZTcwce— since if the Une, drawn from th 
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circle, intercepting the radius on the one side, be drawn 
from the circle at right angles through the radius until it 
intercepts the circle on the other side of the radius, the 
part of the line on the one side of the radius is necessarily 
equal to the part of the line on the other side, and the 
fraction of the circle, contained between the point of 
interception of the line on the one side and the 
extremity of the radius, is equal to the similar fraction 
of the circle cut off between the extremity of the radius 
and the point of interception of the line on the other 
side — it follows thatj if a straight line be drawn from a 
circle through the radius, at right angles to the radius, 
until the line intercept the circle at the opposite side of 
the radius, and the line be so drawn that the part of the 
circle intercepted between the two extremities of the 
line be the one-fourth part of the circle, then — if the 
straight line so drawn be divided into nine equal parts, 
the fourth part of the circle shall contain ten equal parts, 
each of them equal to each of the nine equal parts con- 
tained by the line, and the whole circle shall contain forty 
such equal parts. 

Prop. C. — Problem. 

Requisition. — It is required upon a given straight line 
to describe an arc, such that the arc shall be equal in 
length to the given straight line, and shall contain a 
definite fraction of a circle of definite magnitude. 

Definition. — Fig. 5. Let B. 0. be the given straight 
line : it is required upon B, 0., to describe a definite arc, 
equal in length to B. 0. 

Construction, — ^Divide the line B.O, into ten equal 
parts at the points of equal division a, h. c, d, e. /. g* h i. 
From the point 5., at the extremity of the straight line, 
draw the perpendicular of indefinite length B, e., and 
from the point i-, on the straight line B. 0. draw the 
perpendicular of indefinite length i. H. On the line B, e. 
take B. rf^, equal to B. i. and join i. d\ From B. at right 
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angles to i. d'., draw the line of inijefinite length B.E,, and 
on the line B. E. take B. C- equal to B. i. Produce B. 0. 
indefinitely through 0. and, through the point C, draw a 
line at right angles to B. -E., intercepting B. S, at A. and 
intercepting the production of S. 0. at D. With centre A. 
and radius A. B. describe the quadrant B. M. F. bisected 
at M. by the perpendicular i. M. From the point M., 
and at right angles to ^. B., draw M. N., intercepting 
AB.atJV. 

Hesiilt. — The arc B. M. described with the definite 
radius A. B. ahaU be the required arc, equal in length to 
the given straight line B. 0. 

Demonstration. — Because the arc B. M. F. is a quad- 
rant, and the point M. bisects the quadrant, therefore the 
arc B. M. contains the eiglith part of a circle. 

Now M. If. is the sine of the arc B. 31., and M. N. ia 
manifestly equal to B. i- on the line B. 0. ; but B. i. con- 
tains nine of the ten equal divisional parts of tlie line 
B, 0., and it has been demonstrated {Prop, a.) that, 
if the sine, of an arc containing the eighth part of a 
circle, be divided into nine equal parts, the arc contains 
ten equal parts, each of them equal to each of the nine 
equal parts contained by the sine. Therefore B. M. 
is equal to B. 0. 

Wherefore the arc B. M. containing the eighth part 
of a circle has been described with the definite radius 
A. B. upon the given straight line B. 0., and has been 
shown to be equal in length to tiie given straight line, as 
was required to be done. 

Supplement 1. — To describe vpon the given straight line a 
quadrant equal in h:igth to tite given straight line. 
(Fig. 5") Bisect the radius A. B. at tlie point a., and 
from a. at right angles to A. B., draw the line of itide- 
finite length a. g. With centre a. and radius a. B. describe 
the quadrant B.C., intercepting a.g. in the point c. 

Now because «. B. is the one half of A, B., the quad- 
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rant 5. c. is the fourth part of a circle of half the magni- 
tude of the circle of which the arc B. M. (Fig. 5.) is the 
one eighth part ; consequently the quadrant B. c. is equal 
in length to the arc B. M. ; and it has been demonstrated 
that the arc B. M. is equal in length to the line B. 0.^ 
which is the given straight line. Wherefore the quad- 
rant B. c. is also equal to the given straight line. ^See Note.) 

Supplement 2. — To describe upon the given strcdght line 
an arc containing the sixteenth part of a circle such 
that the arc shall he equal in length to the given 
straight line. (See Note*) 

(Fig. 5^) Produce A. B. through A.^ and from the 
production take R. B. twice the length of A. B. From 
R. through F. draw JB. F. G. of indefinite length. With 
centre R. and radius R. B. describe the arc B. P., inter- 
>cepting R. F. Q-. at P. Bisect the arc B* jP. at Q. Now, 
since the arc B. Q. is the one half of the arc B. P., which 
contains the eighth part of the circle ;* and, because the 
radius R. B. is twice the length of the radius A. B. ; 
the arc B. Q. contains the sixteenth part . .of a circle twice 
the magnitude of the circle of which the arc B. M. con- 
tains the eighth part. Therefore the arc B. Q. is equal 
in length to the arc B. M.j and it has been shown that 
the arc B. M. is equal in length to the given straight line 
B. 0, Wherefore the arc B. Q., which contains the six- 
teenth part of a circle, is also equal to the given straight 
line. 

^ote. — The constructions and demonstrations to these two 
supplementary problems are based upon the theorem or sup. 
posed axiom (at the present time accepted and authorized by 
mathematicians)... that, if the arc of a circle be bisected and 
the resulting half-arc be radially duplicated in magnitude, \ 
the quantity of length contained in the duplicated half-arc is 

* Because the secant R, F. O. is paraUel to the secant A. M. D.y the arc 
B, P. is similar to the arc B. M.^ which is half the quadrant B, F.j and 
therefore B. P. is half a quadrant. 

t That is... increased in magnitude by duplication of the radiu?, or t^ 
define the expression more precisely, if there be substituted for the half-arc 
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eqttal to the quantity of length eonlaired in the original arc- 
Now this theorem we refuse to accept ; and we assert that our 
demonstration of the relation of the circle to the straight 
line herein contained, includes demonstration that the theo- 
rem isunBound and untenable. We therefore expressly cau- 
tion the reader that the solutions to these two supplemont- 
ary problems, as given above, are not, in fact, sound ; but we 
have, under the peculiar e i re- um stances, allowed them to 
stand, with this caution, aa instructive illustrations of the 
general relationship. 

Explanation of the natui-e and of the quantitj' of longitudi- 
nal difl'er en ce between the radially dnplicalod half-arc and the 
original arc from which it was cut off, will be fouud in Parts 
Second and Thii-d, under the titles... Process of continual 
bisection and radial duplication; and. -The Theory of cur- 

Prop. D. — Pkoblbm. 

Requisition, — Through a given point in the circumfer- 
ence of a given circle it is required to draw a straight 
line tangential to the circle, which shall be equal in 
length to the given circle. 

Definition.— F\^. 6.— Let B. E. G. H. be the given 
circle, and let B. be the given point, — it is required to 
draw a straight line through the point B. wliich shall be 
equal in length to the circle B- E. Q. M, 

Construction. — Through the point B- draw the line (7. 
B. a. of indefinite length, and fromB. perpendicular to 
d, B. a. draw the diameter B. G. ; bisect B. G. at C, 
the centre of the circle; and, through G. at right angles 
to B. G., draw the diameter E. II. Bisect the quadrant 
B. E. at M. ; and, at right angles to B. C., draw the line 
M. 0., intersecting B. C. at A"., and intercepting the 
circle and bisecting the quadrant B. II, at 0. 

Divide the chord M. 0. of the quadrant M. B. 0. into 
eighteen equal parts. On the line d. B. a. take, from B., 
in the direction B. d., B.f. containing ten equal parts 
arc) of a circle double the magDitude of the circle 
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•escb of them equal to each of the eighteen equal parts 
contained in the chord M. 0. (Theor. B.,) and on the 
same line (2. B. a., from B. in the opposite direction, take 
B- c. containing likewise ten equal parts, each of them 
equal to each of the eighteen equal pajts contained in 
the chord M- 0. Increase B. f. througli /, on the line 
B. d., and take B. D. equal to four times the length of 
B.f., and on the Bame line in the opposite direction 
increase B. e. through e., and take B. A. equal to B. B. 

Rfsult. — ThestraightlineZ). B. A. contained between 
the points D. and A. shall be the required straight line 
-equal in length to the circle B. E. G. H. 

Demonstration. — Because the point M. biaecta the 
quadrant B. M, E., and because the sine M. N., of the 
»rc B.M,, is divided into nine equal parts, therefore B./,, 
part of the line d. B. a., containing ten equal parts 
each of them equal to each of the nine equal parts con- 
tained in the sine M. N., is equal in length to the arc 
B. M. (Prop. B.) But the part B. e. of the same line 
A B. a. is equal to the part B./., and is similarly related to 
the arc B. 0., which is similar and equal to the arc B.Sf. ; 
therefore /. B.e., the two parts of tlie line taken together, 
is equal to the quadrant M. B. 0. containing the two 
arcs taken together. Now the line D. B. A. is ( by the 
eonstruction ) equal to the part thereof /. B. e., taken 
four times together, and the circle B. E. G, H. is equal 
to the quadrant M. B. 0. taken four times together ; 
therefore the line D, B. A. U equal to the circle 
B. E. G. H. 

Wherefore the line J). B. A. drawn through the given 
point B. in the circumference of the circle, and tangent- 
ial to the circle, is equal in length to the circle B. E. 
4}.E. 

Q. X. D. 
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Corollary, — Hence it follows that, if the chord of a 
quadrant be divided into (9) eighteen equal parts, a 
straight line containing (10) twenty equal parts, each of 
them equal to each of the (9) eighteen equal pai't» 
contained in the chord, is equal in length to the quadrants 

Wherefore, if a square be inscribed in a circle, the ratio^ 
of the inscribed square to the circle is the ratio of nina 
to ten. 

Prop. E. — Problem. 

It is required to cut off front a given straight line a part 
thereof equal to the given definite arc of a circle. 

Fig. 7. Let the octant B,M. described from the centre- 
-4., with the radius A^B. be the given definite arc, and let 
J5.J?, of indefinite length be the given straight line. It 
is required to cut off from the line BE. a part thereof 
equal in length to the octant B.M. 

From Jf. draw the perpendicular M.D. intercepting 
B.E. at the point D. Draw also the sine M.R. of the 
octant jB.ilf. Produce the radius jB.A. through J.., and 
make jB.jF., the production oi B.A.j ten times the length 
of the versed sine B,R. From F.y through M.j draw 
the line F.M. 0., intercepting the line B.E. in the point 
0. B.O. shall be the required line equal in length to the 
octant B.M. 

Because the angles F.R.M. and F.B.O. are right 
angles, and the triangles F.M.R. and jF.O.JS. to which 
they belong are similar triangles, the base J5.0. of the 
one has the same ratio to the base R,M. of the other,, 
which the greater line F.B. has to the lesser line F.R. 
Now the ratio of FB. to F.R. is by the construction ^ 
that of ten to nine ; therefore, the ratio of the line B. 0. 
to the line R.M. is that of ten to nine. But the 
line R.M. is the sine of the octant B.M.j and if 
the sine of the octant be divided into nine equal parts^ 
the arc-length of the octant contains ten equal parts, eack 
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«qual to each equal part of the sine. (Fundamental 
Theorem). Wherefore the line S. 0. has been cut off 
from the line B,E., and is shown to be equal in length 
to the are4ength of the given definite arc B.M-f as 
was required to be done. 




THE APPENDIX, (a) 

The question to bo here briefly noticed is, whether 
' Eucbii'a Elements,' having regard to tlie apparent 
intention of the author (or authors) of that work, should 
be considered a treatise on one peculiar division of 
knowledge (one science) on]y— that is to say, a treatise 
on the inter-relation of the subjects of the science and of 
the laws which govern and belong, to tliat peculiar 
(so-called) science of geometry ; or whether the work 
should be considered, in regard to its purpose, a practioal 
treatise on applied reaaoniug — teaching, by illustration, 
the correct mode of building-up (compounding) science 
from its elements. 

We will briefly examine two important propositions o( 
those belonging to the ' Elements' as to any evidence 
they may afford in this respect. 

The first prop, of the third book : ' To find the centre 
of a circle.' It is at once evident that this prop., because 
of the use made by Euclid of the circle, must be con- 
sidered, if regarded as one of the Eletitenis of a peculiar 
science (geometry), as a prop, of great relative import- 
ance. The plan of the book, assuming the purpose of 
that plan to be a treatise on tlie science only, would call 
for a solution of this prop, in such a form as to constitute 
it a primary or fundamental proposition, upon which 
secondary propositions and corollaries could be based and 
shown to be directly dependant. One or more defmitiona 
or axioms might obviously be provided to furnish any 
necessary support for a concise and comprehensive solu- 
tion. At least, in regard to such supposed purpose, a 
direct character for the solution would suggest itself as 
almost imperative. As it stands, the character of the 
solution is indirect, and may be termed negative; it 
gets conslructively at the answer to the requisition by a 
very simple operation, but, as a reasonable and sub- 
jective proceeding, this operation ia only supported by 




the negative results of an exhaustive process. The 
question naturally suggests itself whether the construc- 
tion has been, in the first place, merely the result of a 
fortunate guess. If it is based upon and has heeti com- 
pounded from elements previously verified, why is it not 
«hown to be so ? As it stands, we canuot take the 
result, and by inverting the order of the reasoning, get 
at the construction as subjective. No reason for per- 
forming the (given) constructive operation is apparent. 

Again, the corollary is stated to be manifest ; but, it 
is certainly not manifest as a corollary to the negative 
•solution of the prop. If the corollary is manifest, it 
is manifest independently (in itself), and the solution of 
the prop, might be very well based upon the corollary. 
By exhibiting the fact stated in the corollary, in the form 
of a demonstrated theorem, the problem (Prop, i.) might 
1)e directly and positively solved in a few lines, and 
Prop. m. (Theorem) might become unnecessary. 

Now, if we suppose the primary purpose of the work 
■was to illustrate the applied method, and that the parti- 
cular science (chosen for the purpose of illustration) was 
considered quite subordinate to that purpose, it is much 
easier to understand how such a form of solution might 
suggest itself as desirable in this and in some other 
similar intances. The negative exhaustive process 
illustrated in this prop, is undoubtedly in some cases of 
much value, and it may be considered, in some sense, a 
distinct kind of reasoning ; hence, having regard to the- 
primary purpose, it might be thoughtdesirable to exhibit 
it as illustrating a proposition which from the fundamental 
character and importance of its subject would be more 
likely to attract attention and interest the mind. 

We cannot consider this as furnishing an altogether 
satisfactory explanation of the form here given to the 
solution, but it seems to be much more intelligible when 
so considered, viz., as primarily intended to illustrate 
the applied method of reasoning. 
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The second proposition of the 12th book is a similar 
and still more striking instance, which appears to 
strengthen and confirm the explanation just suggested in 
the case of Prop. i. Book in. This proposition (Prop. ii. 
Book XII.) ^ Circles are to one another as the squares of 
their diameters/ is also evidently a proposition of a 
primary and important character because defining the 
nature of a fundamental relation between circles, and 
therefore here again we should expect a direct, positive, 
and simple treatment of the case, and, on the contrary, 
we again find the indirect negative treatment exhibited 
in a long solution of considerable complexity j the only 
characteristic difference between the treatment in this 
case and that of Prop. i. Book iii., is that in this, 
the construction, like the solution to which it belongs, is 
complex and only indirectly related to the proposition, 
whereas, in the former instance, the construction is simple 
and directly related to its proposition. But the particu- 
lar mode of the reasoning, for the illustration of which 
this proposition appears to have been selected, is in itself 
of a very refined and instructive character. In the 
kindred science of ' Number and Quantity,^ calculations 
of great importance are derived from and based upon the 
quantitive equivalent of this proposition : for example 
— ^ Legendre's Numerical and Trigonometrical Proposi- 
tions' concerning the quantitive relations of polygons 
and the perimeters of circles.* It may be also useful to 

* We maj remark here the confusion liable to arise from using with- 
out qualification, the same expression ' geometrical' which is applied 
to the propositions of the science of Form and Magnitude, for those 
of the science of Number and Quantity. To these last some of Legen- 
dre's propositions belong exclusively, whilst others are of a hybrid 
character. It is true these sciences have a common boundary where 
they approach each other very nearly, but it is a stumbling-block in 
the way of the student to find them thus mixed together without 
indication as to their distinct and different characters. By calling the 
one Magnitudinal and the other Numerical or Quantitive Geometry, 
this objection would be obviated. 



point out that this is one of the propositions in which 
Euclid defines, by illustration, the uaeof the hypotheBis. 
In this instance, the hypothesis is assumed to be true, and 
is then made to temporarily occupy the place of, and serve 
as a fact, ao that combination can be carried forward and 
the results tested by comparison. The terms in which this 
proposition is statod require particular notice, in regard 
to the sense iu which the expression 'square of the 
diameter ' is used ; for, the very same expression is used 
in the kindred science of ' Number and Quantity,' and is 
used therein in an essentially different sense. Since, 
therefore, we are here, almost on the border land which 
connects these two sciences, there is much danger of the 
expression nsed in the sense belonging to the one science 
being mistaken for the same expression used in the sense 
belonging to the other science. The proposition under 
consideration is thus stated in the Elements of Euclid, 
' Circles are to each other aa the squares of their diame- 
ters.' The expression ' square of the diameter ' here 
means (aa used by EucUd) a square of which the diameter 
of the circle is one of the four equal sides. The state- 
ment would therefore have the same (equivalent) mean- 
ing if tlie word ' square ' be left out and we read simply 
' circles are to each other as their diameters.' To de- 
monstrate the one statement is to demonstrate the other ; 
because if two magnitudes be proportional one to the 
other, equimultiples of those magnitudes are propor- 
tional in the same ratio ; and, if similar fractions of those 
magnitudes he taken from them respectively, the re- 
mainders are likewise proportional in the same ratio. 
But in the applied science of ' Number and Quantity,' 
the same expression, ' square of the diameter,' lias a dif- 
ferent meaning. 

To correctly appreciate the nature of the difference it 
is necessary to obserre that all quantity of magnitude 
is relative. It has always reference to n standard of 
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comparison. A seeming exception to this is the unit of 
magnitude, but here the quantity, is itself equivalent to 
its standard of comparison. In trigonometry ^ square 
of the diameter ^ means a quantity of magnitude repre- 
sented by the diam eter taken as many times as there 
are units contained in that quantity of magnitude 
(diameter). An example will at once make the charac- 
ter of this difference quite obvious. Let the two 
diameters be proportional one to the other in the ratio 
of fowr to two — ^then the square of their diameters in 
the sense intended by Euclid will be— /owr taken f(mr 
times, and two taken four times ; that is, sixteen to 
eightj magnitudes proportional in the same ratio as 
before. But in the numerical or quantitive sense we 
get— ;^r multiplied by f(mr gives sixteen (4x4 = 16) ; 
and — two multiplied by two gives fcmr (2x2 = 4). The 
quantitive proportion becomes therefore 16 : 4, instead 
of 16 : 8 ; — the ratio of the proportion is no longer the 
same as before. 
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Montreal, 20th December, 1872. 
To G. B. Airy, Esq., 

President of the Eoyal Society ^ London. 

Sir, — I have the honour herewith to send you papers con- 
taining the solution to that geometrical problem (commonly 
or vulgarly known as ' Squaring the Circle'), which requires 
* that a straight line shall be drawn equal in length to a 
given arc of a circle of definite magnitude,* or * that a de- 
finite arc belonging to a circle of definite magnitude shall 
be described equal in length to a given straight line/ and 
which requires that the demonstration (proving that every 
condition of the requisition has been fulfilled,) shall be in 
strict accordance with the system of reasoning laid down in 
that work generally known, and recognized by mathemati- 
cians, as the * Elements of Euclid,' or ' Euclid's Geometry.' 

The papers are submitted to you for the purpose of their 
being examined by those whose mathematical knowledge 
entitles them to express an authoritative judgment as to the 
merits of the case thus laid before the Boyal Society ; and, 
as the subject is one of great public importance, I have to 
request that as soon as the necessary examination has been 
made (i. e., within reasonable time and without unnecessary 
delay,) the correctness of my demonstration and the result 
of that demonstration shall be publicly acknowledged and 
admitted as established fact ; or, otherwise, if disputed — then 
I require, which I submit that I have an unquestionable 
right to do, that the objection or objections shall be made 
strictly in accordance with the same system of reasoning — 
namely, that laid down and illustrated by Euclid, — in order 
that I may have the opportunity to meet such objections 
and, if I am able, to disprove their validity, and so to put 
myself in a position to insist upon my demonstration being 
publicly aclmowledged as sound and true. 

Yours respectfully, 

JOHN HARRIS. 

The letter accompanying the papers sent to McGill Col- 
lege, was of the same tenor, and in form substantially the 
same, as the foregoing. 



Royal Observatory, Greinwich, 

London, S.E., 

February 4, 18Y3. 
Sir, 

I have to acknowledge your letter of Deeember 20, 
addressed to me as President of the Boyal Society^ (which 
has reached me through the hands of John Miurshall, Esq.,) 
inclosing papers which are supposed to contain an investi- 
gation on trustworthy principles of the problem of " Squar- 
ing the Circle." 

You are perhaps aware that the Foreign Academies, in 
general, by express statutes, refuse to receive communica- 
tions on this subject. I do not know that the Boyal Society 
of London is prevented by statute from receiving them, but 
I know that its practice is unvarying > and, so far as my 
private judgment is concerned, I approve of that practice. 
I must, therefore, decline to present the papers to the Boyal 
Society. 

I x^annot myself give any time to their examination ; nor 
should I think it right to force them on the attention of 
others. I have therefore thought it best at once to return 
them entire to Mr. Marshall. 

I am. Sir, 

Your obedient servant, 

(Signed,) G.B-AIRY. 
Jno. Harris, Esq. 



To Mr. John Harris, 
Sir., 



Montreal, 21st December, 18^2. 



I herewith return your papers relating to the 
problem known as Squaring the Circle. I have not received 
from any of the professors in McGill College any observations 
on the subject. 

Your obedient servant, 

(Signed,) OHAS. 1>. DAY. 
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PREFACE TO PART SECOND. 



In commending to the reader's attention this, the Second 
Part of the Circle and Straight Line, it may be of service 
to explain that the immediate purpose of this pkrt of the 
work is three-fold. Of these.. the first is, to furnish 
collateral and independant demonstration of the funda- 
mental Theorem, by Quantitive Geometry. 

The second is, to explain and illustrate the method of 
differential linear analysis. 

The third is, to prepare the ground for the introduc- 
tion of the study of Cyclometry as a division of Science. 

The process of the radial duplication of the bisec- 
ted arc is an analytical method, having an interest and 
value independently of the present investigation. The 
primary explanation and illustration of the method will 
be found in the Appendix to this Part of the work. Ex- 
amination and application thereof as an instrument of 
analysis, will be contained in Part Third, 

The objection to Legendre's mode of applying the inscrib- 
ed and circumscribed polygon process to obtain the quanti- 
tive quadrature of the circle, may be stated in two ways, 
which, although essentially the same and arriving at the 
same conclusion, appear to differ much as modes of expla- 
nation. Sphere are in fact two fallacies involved, so connect- 
ed that either of them may be supposed to have been ante- 
cedent or consequent to the other. 

The second mode of stating the objection belongs to the 
relation of the tangent to the arc of the circle, and in ar- 
ranging the subjects of this work, has found its place in 
Part Third. In order to bring the merits of the objection 
under the consideration of the reader in one place, without 
confusion, we have now included this second mode of pro- 
posing and explaining the objection, as a supplement to this 
division (Part Second) of the work. 
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' Prove ali things ; hold fast that which is ffoodj 

St. Paul. 



PAET SECOND. 

ITie Constrttction of the Circle. 

Having in the preceding exposition of the subject 
demonstrated Hhe true relation of the circle to the straight 
line' in accordance with Euclid's methodical application of 
the inductive system of reasoning, we will now proceed 
to investigate and illustrate the general relationship 
thereby established, in order — to make, in some measure, 
apparent the structural completeness and perfection of 
the circle as a reality, — to show the circumstantial 
necessity for that particular inter-relationship of the 
parts which has been now demonstrated to be actually 
existent, and thereby — ^to make manifest the great im- 
portance of the circle as one of the fundamental facts 
belonging to the Plan of Creation. 

Let us take, in the first place, the fundamental con- 
struction of Fig. 1 & 2 of Part First, in which it was 
demonstrated that the sine of the arc contains a certain 
number of equal divisional parts, each of them equal to 
the diff. of the sine and the arc-length, and develope 
that construction as follows : — 

Figs. 10 & 11. Construction. (Fig. 11 is a repetition 
of Fig.l. on a smaller scale, similar letters denoting similar 
parts.) Produce the radius -4. J?, through A. and through 
B. and make A.B., (Fig. 10,) the production of A.B.j ten 
times the length of A.B. With centre A. and radius 
A.B., describe the quadrant B.F ; bisect the quadrant at M. 
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and divide the arc M.F. into ten equal parts at the pointa 
of equal division 'a. '6. 'c. *d. 'e. 'f. 'g. 'h. H. Complete 
the greater figure aimitarly to the lesser figure. 

rUtisiratum of the fact tfiat the difference between the 
chord and arc-length of the quadrant is an aliquot paH of 
the chord, and of the arc-length.* {Corollary to Fund. 
Demonstration, Part First, page 31.) 

Because R.M. in the greater figure equals S.R. and 
R.M,, of the smaller figure, taken togother (to wit, S-M.), 
it follows that however small the magnitude of a circle 
maybe, the arc-length and the chord of the quadrant of 
that circle are each divisible into a certain number of 
equal parts, each of which parts is necessarily equal to 
the diftereDce of the chord and arc, and each of which 
parts is an aliquot part of the chord and of the arc- 
length of the quadrant of any other circle of which 
the magnitude is an equimultiple of the magnitude 
of the first circle, however great that other circle 
may be. Now it is to be particularly observed that, if 
R.M. of the greater figure were not equal to S.R. and 
R.M. of the lesser figure taken together, this would be 
no longer true. In that case either S.R. or R.M. of the 
lesser figure might be evenly divided, but the equal divi- 
sional parts would not be aliquot parts of the compound 
parts belonging to the circle of greater magnitude. If the 
relative magnitude of the greater circle were an equi- 
multiple of that of the lesser circle . . B.M. of the greater, 
would contain an equimultiple of S.M. of the lesser; 
but, then, S.M, of the same greater circle, could not 
also contain an equimultiple of R.M. of the lesser, nor of 
S.R. of the lesser, neither could S.R. of the greater, con- 
taia an equimultiple of R.M. of the lesser. 

The general theorem illustrated by this construction 
may be thus stated. The difference between the chord 

* Evideiitlj, in this conncclion, the relation of the balf^Lord to tba htilf- 
qaadrant is eijuivaleut to the relation of the chord to the quadrant. 
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and arc-length of the quadrant of a circle, is an aliquot 
part of the circle ; and if a second circle be so related to 
the first that the magnitude of the first is an aliquot part 
of the magnitude of the second, then is the difiference of 
the chord and arc-length of the quadrant of the first, also, 
an aliquot part of the second circle. 

The relation of the Sine to the arc-length of the Octant^ the 
basis of the Science of Number and Quantity. 
In Theorem (Fig. 7), of Part First, we have made 
known and have utilized the definite decimal relation of 
the versed sine to the arc-length and sine, of the octant 
We will now exhibit this relationship in the form of a 
special theorem, as an independent fact. 

Prop. F.— Theorem, 

If the radius of an octant be produced through the centre 
of the circle until it become equal to ten times the length of 
the versed sine of the octanty and with this production of the 
first radius an arc be described on the same tangential line 
as the octant, terminated by its secant drawn thnyugh the 
terminal extremity of the octant, the tangent to the arc of 
greater magnitude so described shall be equal to the arc- 
length of the octant. 

Fig. 26, R. — ^Let. 5.S. be the octant, A the centre of 
the circle, and A.B' the radius. 

Produce the radius A. B. of the octant, through A. the 
centre of the circle and make the production B.B. 
ten times the length of the versed sine N. B. With 
centre M. and radius M. B. describe the arc B. (2., termi- 
nated by the secant S.X. drawn through the terminal 
extremity S. of the octant J5. S. The tangent B. X. 
of the arc B. d. shall contain the arc-length of the octant 
B. S. (The demonstration to this theorem is contained 
in that already given to Prop. E.) Because the triangle 
M. B. 3£, is similar to the triangle B. N. £1., and the ratio 
of the rectangle B. B* X. of the greater, to the rectangle 
R N. S. of the lesser, is ten to nine, therefore the ratio 
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of the line B. 3E. to the line If. 8., is ten to nine. Now 
it has been demonstrated that the ratio of the arc-length 
of an octant, to the sine of that octant, is the ratio of ten 
to nine, and the line N.S. is the sine of the octant B.S. 
Wherefore the line J5. X, the tangent of the arc B, d. con- 
tains the arc-length of the octant B. S. 

The application of the fact here shown in the construc- 
tion of the circle will become more apparent by develop- 
ing the figure. 

Fig. 25, KR. (1).— The line N S. is divided into ten 
equal parts at the points of equal division, 1, 2, 3, 4, 5, 
6, 7, 8, 9, and the line B.jf. is also divided into ten equal 
parts, of which B.W. (equal to N.S.,) contains nine. 
Now, since the secant R.S.X, which intersects N.T. at 
S., intercepts B.E. at X., if a line be drawn from the 
point R. at the extremity of the produced radius, through 
the first divisional point (1) on the line N.S., the line 
so drawn will intercept B.X. also at the first divisional 
point thereof : for, each of the equal divisional parts of the 
line B.X is greater by one-tenth of itself than each of the 
equal divisional parts of the line N.S., and the whole 
(produced) radius R.N.B. is greater, by one-tenth there- 
of, than the line R.N. ; consequently, if a line, from the 
point R., be drawn through each of the successive points 
of equal division on the line N.S., the lines so drawn will 
respectively intercept each of the nine successive points 
of equal division of the line B,3£. 

It is evident, therefore, that however great or however 
extremely small may be the distance moved through by 
the radius R.B., between the points N. and S., on the 
line N.S., that quantity of distance will be increased 
by one-ninth of that quantity on the line B.X. inter- 
sected by the secant; so that, whatever fraction or 
part of the sine (N.S.)" of the half-quadrant, is moved 
through by the radius, the produced radius describes 



l- " 



1^ TRK nn)rnr,« Awn jann^ 



„tr-' 




THE CIRCLE AND STBAIGHT LINE. 13 

on the tangential line {B.JT.) the corresponding {or pro- 
portional) part of the arc-length of the half-quadrant. 

Again, if from the point N., of the line N.S, a line 
parallel to S.X. be drawn to the line B.Jf,. the line ao 
drawn will intercept the first divisional point (!) of the 
line B.X. And, if a point in the perpendicular R.B. be 
taken at twice the distance of the point N. from B., (i.e., 
the second divisional point (2) on the line R.B.,) and from 
this point a line parallel to S.X be drawn to the line B.jf., 
the line ao drawn will intercept the second divisional 
point (2) on the line B.3£, ; and, similarly, lines parallel 
to S.X drawn from each of the successive divisional 
points on the radius R.B. will intercept the successive 
points of equal division of the lineB,X 

We now refer to the repetition of the figure at Fig. 25, 
R.R. (2). With the first decimal point on the per- 
pendicular R-B. as a centre, and with the radius a-B., 
describe the first half-quadrant, (one-tenth the magnitude 
of the half-quadrant B.S.; similarly, with centre b, and 
radius b-B., describe the second half-quadrant (two- 
tenths the magnitude of B.S.,) ; with centre c, and radius 
c.B. describe the third half-quadrant (three-tenths the 
magnitude of B.S.,) and so on. I'he illustration furnished 
by the two figures may be appreciated without fur- 
ther minute explanation. It will suffice to observe 
that the sine of each successive iialf-quadrant ia equal in 
length to the corresponding divisional part of the line 
(N.S.) above it, and that the arc-length of each successive 
half-quadrant equals in length the corresponding divi- 
sional part of the line(B.X) beneath it. 

Magnitudinal and Quantitive Geometry, 

Quantitive Geometry, as distinguished from magnitu- 
dinal geometry, may be explained us consisting in the 
application of numerical ratios to magnitudes, in order 
to determine their contents in relation to each other. 
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Instead of comparing together and determining the r&- 
lations of" magnitudes as wholea, each magnitude is resol- 
ved into the number of standard increments or components 
which it contains; and, by comparison ofthenumbet 
contained in the one with the number contained in the 
other, the quantitive relation is estimated and determined. 

The great advantage in convenience and simplicity of 
the numerical method where the object is to estimate 
the difference of two or more magnitudes nearly but not 
quite equal, or, where the ratios are compounded of 
fractional quantities diiScultto express as whole magni- 
tudes, ia obvious. 

The differential method of analyzing the quantitive 
magnitudinal value of the compounding parts of a given 
line, by the application of numerical ratios, is based upon 
the axiom that, .if a given definite magnitude — i-e-, a 
magnitude containing a known definite quantity of mag- 
nitude — be taken from a greater known definite magni- 
tude, a third known definite magnitude remains. 

The precise nature of this linear analytical process may 
be shown, and the mode of its application be illustrated, 
by the actual application of the process to the subject of 
the present investigation, thereby testing quantitively 
the truth and soundness of the magnitudinal result ob- 
tained in answer to the requisition of our fundamental 
theorem For this purpose we will, in the first place, 
repeat the second demonstration furnished in Part First 
to the fundamental theorem. 

Proposition (in quantitive geometry.) 

Theorem. — The quantity of length hy which the length 
of the half-quadrant of a circle exceeds the length of the 
sine of the half-quadrant, is equal to the one-tenth part of 
tlie length contained in tlte half-quadrant. 

Fig. 12. (a) — Construction. — With centre .d. and radius 
A.B describe the quadrant B.S.C. ; dmw BD. and CD 
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and join j4.JD. bisecting the quadrant at S. Through 
5., and at right angles to A.B. draw B.S.T., intercept- 
ing A.B. at a., and CD. at T. Divide R.S. into nine 
equal parts at the points of equal division ; from S.T., 
at the distance S.3E. equal to one of the equal divisions 
of It,S., draw X.X perpendicular to B.D., intercepting 
B.D. at 3£. Divide the radius A.B. into ten equal parts 
at the points of equal division. With the point & as a 
centre and with the radius S.b., equal to one of the 
equal divisional parts of the greater radius A.B., describe 
the small quadrant h.s.t., bisected by the line A.D. 
at the point s. Draw the tangent i.d. and the sine S.r 
of the small arc b.s. Join t.d., and from s. draw the 
perpendicular s.s. intercepting the line R.T. at s. 

Specification- — Let B.S. be the half-quadrant of which 
S.B. is the sine, and let S.X. indicate the diff. in length 
between B.S- and S.E.; — S.X. shall equal one of the 
divisional parts of the arc B.S., if B.S. be divided into 
ten equal parts. 

Demonstration. — Because the radius S.b. is the one- 
tenth of the radius A.B., the sine S.s., of the lesser 
arc b.t., is one-tenth of B.S. the sine of the greater arc. 
But iS.X the diff. of the arc-length and sine of the greater 
arc, is ten times greater than the sunilar diff. s.Jf. of the 
arc-length and sine of the lesser arc ; therefore S.s. + s.X. 
that is S.3S., is the one-tentli ofR.X. Now R.X. is the 
arc-length of B.S. ; and S-X. is the diff. between that 
arc-length and the sine of the same arc. Wherefore the 
theorem has been demonstrated. 

SchoUum. Since the radius of the small arc is one- 
tenth the radius of the greater arc ; the arc, the sine 
and the tangent of the small arc are respectively one- 
tenth of the arc, of the sine, and of the tangent, of the 
greater arc; and therefore, also, the difference of the 
sine andare on the small scale is one-tenth of the difference 
of the sine and arc on the larger scale (i.e. — 3£.s. is the 



16 THE CIRCLE 4ND 8TRAI0HT UNB. 

one-tenth of X.S.) But s.t. the difference of the siwe and 
tangent oo the small scale is manifestly one-tenth of S.T. 
OQ the large scale, and Xi. must be also necessarily 
one-tenth of X.T. It will follow, if the small arc bs. 
is straightened upon or rolled upon the line b.d., that the 
point of contact must fall upon the line X.X. 

The quantitive analysis of this demonstration, taking 
the numerical ratios in units of radius, is : — 

The greater radius A.B. = 10, 
The sine E.8., of the greater octant B.S.,--j50 = 7-071068 
By demonstration, the diff. ' of the sine 
and arc-length' equals (7-071068 -^ 9) =S.X= 0-785674 

And (B.S. the sine + S-Xthe diff) equals R3£ = 7856742 

The lesser radius S.b. = (AB. -h 10) = 1. 
The sine Ss-, of the leaser octant b.S-, -V J= 0-707107 
Diff of the sine andarc-length of the lesser s.X=t 0-07856T 

And S-s- + s.3£. equals the arc-length) o a^^n.Tocc^i 
in the leaser fig. J ' ~ 

Therefore, since by the demonstration to the theorem, 
S.X- the diff, is one-tenth of M-X- the arc-length, the 
numerical result is quite in harmony with and verifies 
the magnitudiual result. 

In the demonstration to the fundamental theorem, in 
Part First, we tested the positive direct demonstration 
by negative supposition. Now in similarly testing the 
quantitive demonstration negatively, we may also, at 
the same time, test positively the quantitive value 
assigned at the present time to the arc-length of the 
octant, by supposing that the latter quantity is, or may 
be, the actual quantitive value, 

Quantitive and Numerical Illustration (demonstration) 
of the fact that the quantity obtained by analytical 
methods, which is now supposed to represent the ratio 
of the circumf. of a circle to the diameter is erroneous. 
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Scholium. The quantity under examination, stated as 
the ratio of the circle to a unit of diameter, equals 
3*14159 ; therefore, taking the radius = 10. the arc of 45 

degrees = 7.85397 

By Fig. 12. Taking the radius A.B. = 10. 
And assuming the arc-length to he as stated^ then 
E.X = 7-85397 R.T. = A.B. = 10 

R.S. = V50 = 7-071067 And therefore :— 
S.iir = (R.iir. - R.S.) = -78291 

Again, S. s. = ?^ = -70710678 
' 10. 

And, %.X. = §^' = -078291 
^ 10. 

Therefore S.iir. = (S.s. + s.X) = -78539... 

But it has been shown that S-jIT. = -78291, and there- 
fore the same line has (appears to have) two diflferent 
lengths which is impossible. 

And again, further : — 

R.S. = R.S. + -j^ = S.s. X 11 =7-7781745, 
By the assumption ; BX, = 7-85397 

(R.iir-R.5.) X io=(s.iir.xio)-s.x 

(7-85397 -7-778174.) = -075796... 
Therefore S-X = -75796. . . 
But it has been already shown that S.X. equals -78539, 
and also equals -78291 — and therefore the same line S.X 
is (apparently) demonstrated to have three diflferent 
lengths, which is absurd. 

Again by the assumption; R.jir. = 7*85397. 

But S.X = ^ = -785397. 

R.jir.=(S.jir. + S.R.) = (-785397 + 7-0710678)= 7*85646. 

Therefore R.X. has (appears to have) two diflferent 
lengths which is impossible. Wherefore the assumption 
is erroneous. 
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Moreover, by demonst., It.X. = 7'856749 

ST- (the greater) diff. of sine and tangent = 2-928932 
S-X- (the greater) diff of sine and arc = -785674 

X.T. = 2-U3258 
s.t. (the leaser) diff of sine & tangent = -292893 
s.X (thelesser) diff of sine and arc = -078568 

X.t. = 0-214335 
{S.T.~S.t)=t.T. = 1-928933 

AiidRT. - (R.S. + S.t.) = tT. 

i.e., (10-8-071066-) = '.-r. = 1-928933 

Now if we again suppose -R. X- = 7-85397 
Then S. T.^the greater) diff. of sine and tangent = 2-92893 
S-X. (the greater) diff of sine and arc = 0-78291 
^.2'. = 2-14602 
s-t. (the leaser) diff. of sine & tangent -292893 
s.X- (the lesser) diff- sf sine and arc = 078291 

X.t. = 0-21460 

And ...t.T. equals 1-93142 

But, since R.T.~-(R.S. + S.(.) - t.T. 
Therefore (10-8-071067) = t.T. 

And t.T- must equal 1-99893 

Because £■/. = (B.r.-^10) = l. And it is quite certain that 
RS.=^S>Q = 7-071068. 



\t of Ote Construction. Fig. 12. (ft.) From the 
point X. ou the line B.D., at the distance X.V. equal to 
3£.D., take the point F. From V- at right angles to 
S.D. draw V.F., intersecting S.D. on the line X.X, and 
intersecting the line b.d. at i;. 

Illustration — Now, if a second arc similar and equal to 
the greater arc B.S.C. be described in such wise that 
the point V. become the extremity of the secant, and the 
production of V.F. be the secant, and the production of 
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F.2). be the tangent, of the second greater arc, it ii 
manifest that the second arc, so described, must, neces- 
sarily, intersect the first greater arc on a production of the 
line XX. Now S.d.y the secant of the small arc, is includ- 
ed in the secant A. D. of the first greater arc, andlikewise, 
if a second small arc be described similarly related to the 
second greater arc, then will the secant of the second 
lesser arc be included in the (production of the) line V.F. 
the secant of the second greater arc; therefore since 
x»d. is one tenth of X.D.y x.v. must necessarily be the 
one tenth of X.V, It becomes evident accordingly 
that the point x. of the lesser arc necessarily falls upon 
the line X,X. 

Fig, 12. (b,) may be further developed by completing 
the double figure. Produce XT. through T. and on that 
production make (iZ.) X. equal to B.X. Produce A.C. 
through C. and produce B.D. through D. and make C7. 
(a,) andD. (B.) each equal to T. (JK.) on the line B. (JB). 
With centre (A) and radius (-4.) (B.) describe the arc 
(B.) (O.) intersecting the arc B. C. in the line X.X. 
With the centre F. (on the line B. (iZ.) and radius F.£f. 
equal to S.b. equal to {A.B. divided by 10), describe 
the arc js.y. Join is.d,b, . Draw n.m, the sine of the 
arc. Join y.v. and produce F,sf. through a. intercept- 
ing the line B,{B.) at Q. 

The analytical value of the construction thus developed 
may be understood by considering that the line JR. (B.) 
contains the sines B.8. and (B.^F, of both the arcs 
together with the space S. F. And B,(B.) also contains 
the tangents B.T. and {T.) (iZ.) of both the arcs, less 
T. (T,) Again, because the radius F.z, is equal to the 
radius s.h.^ and because F,£!. has the same relation to the 
arc (B.)((7.) that S.h. has to B.O. therefore y.x. is 
equal to tx.j &c., &c. 



• Because E.x=B.S, divided by 9, X 10. 
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Example. The radius A.B. = 10. 
JR. (^.)=2 JB.T.-2 X.T. equals. . 

20- 4-28652 = 15-7134 
JR. (^R.)=^2 R.S. + 2 S.X. equals. . 

14-14214 + 1-57134= 15-7134 
B. (R.) = 2 B.T. + 2 S,3£.'-2 S.T. equals. . 

20 + 1-57134 - 5-85776 == 15-7134 
^B. (B.^=^B.X+CB.)X. Which equals 

^ 10 100 1000 

lUtistration by the constriction. Because the line x.x. 
belonging to the small arc is included in the line X.X^ 
of the greater, the line S.X. is equal to S.s. added to 
S'X. (i.e. the diff- of the sine and arc on the large scale 
is equal to the sine of the arc added to the diff. of the 
sine and arc on the small scale. 

Qiuintitive and Numerical Illustrations^ to Fig. 12. 

R.T.=A.B.= 10000000 S.D. = A.D.—A.S.= 4142135 

B.S. = V50 = 7-071068 S.T. = R.T. — R.S. = 2-928932 

A.D. = A.S. + S.D. = 14-142136 R.«. = R.S. + — = 7-778174 

10 
R S 
R.«. =^— * X 10 = 7-866742 
9 

Because S.s. «= -^—^ And S. t. ~ ' * 

R T 
And S.s + 8.t. =-^' And R.T, =R.S + S.T, 

Therefore (1) R.s. + s.t. =R.t. 

(2) R.T.-9S.t. + R.S. =R.t. 

(3) R.S« + S.t. =R.t. 
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And 

(1) 7-7781748 + •292893=:8-0710678 

(2) 10-9 + 7-0710678=8-0710678 

(3) 7-0710678 + l'0000=-8-0710678 

Because S. s. = ^^ Therefore R.8. = R.S. + -^ 

10 10 

and consequently if the scale be again reduced to one 

tenth of the lesser figure, and then again reduced to one 

tenth of the last, and so on ^ ad infinitum', B..X. must 

evidently include the (sum of the one-tenths) one-tenth 

of each and every of all the sines ; (i. e., the sum of the 

one-tenths of the sines of all the figures from the greatest 

(R.S.) to the least imaginable). Therefore B,.3£. equals 

^•^••'-10" "" loo "TOOO ^"0000 ^ *"•' "^ '""^'^ 

7-0710678 
70710678 
70710678 
70710678 
70710678 
70710678 
&c., &c., &c., &c., ad infinitum. 



7-856742, itc, &c. 



Quantitive Illustration bg Fig. 12 (a), of the fact that 
z. falls on the line X.X. 

Because S.s. = — ^-^ Therefore S.s. = ' ' 



■70710678 = 



10 11 

7-0710678 = 7-0710678 + -70710678 



10 11 11 

And S.s.:S.a;. : : S.RiR.X Therefore 

S-a?. = (S.s. + — ) = (-70710678 + -07856742) = -7856742 

RX = S.3£. + R.S. = (-7856842 + 7-0710678) = 7-856742 
^7-77817458^.^^ 

Jl 
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ButS.8. : B.x.::S.R.:RX. 
S. s. = ^ R- s. = (S.R. + 8.8.) = 7-778174 

S. X = IS.S. + ^) = -7856742= 5::^ 
^ 9 ^ 10 

S. X. X 10 ==7-85674 = R. X = (S.X. + S.R.) 

5. a;. = — ^ — ^ And(R.5. +5.X) = -B.jir. 
10 

That is, (7-778174 + -078567)=7-856742=R.a?. 
And again X.T. = (R.T. - R.X.) = 2-143258 

X.t. =(S.t. - S.X.)^ -2143258 (i.e. Xt. = —^ 

Because the lesser (right-angled) triangle S.W.D. 
is similar to the great triangle A.R.S., therefore 

^' : S.D. ::^: A.S. 



. ,S.W. A.S. S.R. 

That is, !:2??21^ X -12_ = ?:H^l?Z = -7856742 
^ 9 4-14213 4-14213 

Figure 10 and 11. 

Quantitive and Numerical lUtistrations to the construction, 
(By the construction : — A.B. the radius of the greater 

figure (Fig.lO), equals A^B. the radius of the lesser figure 

(Fig. 11) multiplied by ten.) 

By the established trigonometrical relationship of the 

parts: 

In the greater In the lesser 

Pig. 10. Fig. 11. 

The radius A.B. = 10-000000 A.B. =1-0000000 

ThesineV50S.R. = 7-071068 S.R =0-7071068 

The diffof) gp 

the arc and V ~^* =M.R. =0-785674 ii.itf; = 0785674 



sine 



The arc length M-F. or S.M. = 7-85674 
The arc length M.F. or iS.JIf. = 0-785674 



THE CmCLE AND STRAIGHT LINB. 23 

Therefore : 

R.M. = ^^ = 0-785674 S^M. = 0786674 

10 

Fig 13. 

Construction. — ^Describe the quadrant -B.C. bisected by 
the line A.D. in the point 8. Draw the sine B.8. and 
the tangent B.D. of the arc B.S. Join A.C. and D.C, 
and produce B.S.y through 8.^ intercepting D.(7. at T. 
Divide the radius A,B. into ten equal parts^ at the points 
of equal division. With centre 8. and radius 8.b.y de- 
scribe the quadrant b.t. bisected by 8.D. in the point s. ; 
draw the sine s.r. and the tangent 6.c?., of the arc b.s. 

Produce the line B.D. through D., and make X.F. 
equal to X-B. ; produce A.C. through (7., and from jP. 
draw F.E.y perpendicular to jB.JP., and intercepting the 
production of A.C. in the point E. From the point n., 
where A.D. intersects X.X.^ join n.JB., and from the 
same point join n.F. intersecting CD. at H.y and from 
the same point draw also n.I.E. at right angles to A.D. 
intersecting CD. at /., and intercepting the point E. at 
the vertex of the angle A.E.F. With centre J. and 
radius I.H.j describe the quadrant H.K. bisected by Ln. 
in the point e. Draw the sine O.e. of the arc H.e.j 
and from d.j through c, draw d.t perpendicular to B.T. 
and intercepting B.T. at t. From K.y at the extremity 
of the quadrant H.K. draw K.m. perpendicular to B.T. 
and intercepting B.T. at m. 

8choUvm. — ^We have now three similar triangles, 
namely : A.n,B.j 8.n.h.y I.n.H. Because n. is 
a point in the line X.X., and T. is a point in the 
radius LH., and B. a point in the radius A.B. ; the 
ratio of the radius LH. to the radius A.B. is the same as 
the ratio of the line X.T. to the line X.B.y and also, 
the ratio of the radius 8.b. to the radius LH.^ the same 
as the ratio of 8-X. to T.X. 
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lUustroHon (a) of the fact that the point x falls on the 
line X.X. 

Because the radius S.b. is the oue-tenth of the radius 
A'B., therefore s.x. is the one-tenth of S.X,^ and x.t. 
the one-tenth of X.T. But S.t. (i.e., S.x. + x.t) is 
the one-tenth of JR.T., and the ratio of S.x. to x.t is the 
same as the ratio of B,3£. to X.T. (because the ratios 
of similar arcs each to each, are directly as the ratios of 
the radii each to each, to which theiy respectively 
belong.) And the ratio of M.S. to T.t is also the same as 
the ratio ofR.X. to XT., therefore x.T. is equal * to X.T. 
and x.B. equal to X.R. Wherefore it becomes evident 
that the point x. is included in the line X.X. 

By the same reasoning applied to the secant j 

Because S.b. is the one-tenth of A.B.^ therefore S.d. 
is the one-tenth of A.D.j and S.s., the one-tenth of B.S.f 
and s.d. the one-tenth of S.D, But s.n. is, therefore, 
the one-tenth of S.n.y and n.d. the one-tenth of n-D, 
Consequently the point w., which is a point in the line 
X.X., is also included in the line X.X. Wherefore it 
clearly appears that the line x x. is the same line as X.X. 

Demonstration (a) by the construction Fig. 13) to 
prop. B.) That the diff. of the sine and arc-length of the 
half-quadrant contains one-tenth the quantity of length con^ 
tained in the half-quadrant. 

Because S.t. = ' ' .and. s. X. = -^— ^ 

10 ' ^ 10 

(R.T.- S.t.) = ^|^= (R.S. + T.t.) 
And R.T. = (RS. 4 T.t.) + S.t. =. (R.S. + S.x.) + (T.t. + 1^.) 
and, also, R.T. - (R.S. + T.t. + ^ + '^) 



• Because «.r. =(«.<. X 10) and x,E = («.r. X 10.) 
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Therefore S.iir. equals — 1— ^ And t.X. equals —— 

10 ^10 

For let it be supposed possible that S.X. may be a mag- 
nitude less than — '-^ then must t.3£. be a magnitude 

greater than ' and s.X, less than — '-^, 
^ 10 10 

But E.T. is wholly compounded of Ti.X, and T.X. to- 
gether. (Demonst. b), and E.T. contains R.S. and T.t. to- 
gether with^:^ (i.e. R.S. + T.t. + -^ + — ) and 
® 10 9 9 "^ 

-^ = (-^ + -^) consequently if S-X be any magnitude 

S,\J «/ ft/ 

R S 
less than -^ then must the remaining magnitude, of 

R S R T 

which together with — '— the magnitude —^ is com- 

T t 
pounded, be greater than — ^' 

Now T.t. is the sine of an arc similar to the arc of 
which R.S. is the sine, and therefore it is impossible 
that the ratio of t.X, the diff. of the sine and arc length 
of H.e., to T.t., the sine of the arc H.e., can be greater 
than the ratio of S.X, the diff. of the sine and arc-length 
of B.S., to R.S. the sine of the arc B.S. Wherefore it is 
demonstrated that S.X,, the diff. of the sine and arc-length 
of the half-quadrant B.S., is the one-tenth part of the arc- 
length contained in the half quadrant B.S. Q.E.D. 

Demonst. (b.) That the line B.T. is whoUy compounded 
of the arc-length of B.S. together with the arc-length of 
H,e. / and that the same point x,j the extremity of the arc- 
length of eax^h of the two arcs — to wit^ of the arc B.S. and 
the arc H.e. J coincides with the point X. 

(If the arc-length of B.S. contained between R. and a 
point indicated by X. in the line R.T. be taken from R.T. 

B 



Sfl 
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it is manifest that a magnitude will remain which must 
be equal to the arc-length of some arc contained between 
T. and the point indicated by 3£.) The triangle I.H.n. 
is similar to the triangle A.B.n. and the bases of the two 
triangles together — to wit H.n. and B.n. together — 
include all of the magnitude contained in the line R.T., 
and, since if. is the divisional point which divides the 
part of the line R.T. belonging to R, from the part thereof 
belonging to T, the ratio of R.X to T.X. must be the 
same as the ratio of B.n. to H.n. and the same as the ratio 
of the radius A.B. to the radius I.H. Therefore the 
point 3C has a similar relation to each of the arcs, and to 
the aimiiar lines belonging to each of the arcs respectively 

— to wit, to the arc H.e. and the arc B.S. to the sine 

(i.e. and the sine R.S. to the ' ditf. t.x. of the sine and 

arc-length' of the arc H.e., aud the ' difF. S.x. of the 
sine and arc-length' of the arc B.S ...to the ' diff. of 
the arc-length and tangent' x.m. aud the ' difF, of the 
arc-length and tangent' x.T. Now, if the difference 
between the sine R.S. and the arc length of the arc 
B.S. were either less or greater than S.X., then would 
x.m. be not in the same ratio to x.T. as the ratio 
of ^T. to jf R. (for if it be supposed possible that 
the tangent of the arc H.e. may be greater than T.m. 
then will tm. no longer have the same ratio to T.t 
which S.T. has to R.S. ; nor will the ratio of t.m 
to S.T. be the same as the ratio of the radius I.H. to 
the radius A.B-). Therefore, since the sine R.S. and 
the dif.S-3^., of the sine and the arc, together with thediff. 
XT. of the arc and the tangent belonging to B.S , 
wholly compound the hne R.T., and since T-t. is to 
t.x. and to x-m., respectively, in the same ratio as R.S. 
is to S.X., and x.T. respectively, the point x. at the 
extremity of the arc-length of each arc cannot be other 
than the same point 3£. which divides the line R.T. in 
such wise that the part B..£. thereof has the same ratio 
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to the part T.iir. which the radius A.B, has to the radius 
LH. Wheref<yre it is demonstrated^ &c., Q.E.D. 

Qtmntitive and numerical Ultistrations to the construc- 
tion. Fig- 13. 

By the Construction : — 

R.T. = A.B.= 1000000 
RS. = V50= 707107 



R.T.-R.S. = S.T.=2-92893 

S.t.-S.b.=— =100000 
10 



1-92893 =T.t. 
By Demonstration : — 

^ 4^ K>lb. 7*07107 r^ r^cMTi*tH A 

S.ic.= = = 0-785674 

9 9 

EX = (R.S. + S.X) = (707 107 + 0-785674) = 7-85674 

Now tx. : T.t. : : S.if. : R.S. 

^, « 1-92893 X -785674 ^..^c^ . 

Therefore = -214325 =t. x. 

7-07107 

T.X. = (T.t + t.x.) = (1-92893 + -214325) = 2-14325 
And T.X. = (S.T.-S.jir,) = (2-92893--785674) « 2-14326 

Test : By adverse supposition : — 

Let it be possible for S.iir. to be less than— ^ = — — l 

and let S.X = 0-78283 Then 

RX = (R.S. + S.iir.) = (7-07107 + 0-78283) = 7-8639 
Now tJK. : T.t. :: S.iF. : R.S. 

rn. r 1*92893 X -78283 .oiocvio 4. a* 

» Therefore — tTquot =213549 = t.jc. 

and T.iir. = (T.t. + t.X, ) = (1-92893 + -213549) = 2-14248 
But T.iir. = (S.T. -S.iir.) = (2-92893 --78283) =2-14610 

Therefore the same line T.X. has two different quan- 
tities of magnitude; which is impossible. In the 4Bame 
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manner it may be shown that 8.X. cannot be greater 

than?::^- Wherefore SX = M: 

9 9 

migrations of the relation of the a/rc-length to the sine 
of the half-quadrant. By the constmctiony Fig. 13. 

It is evident that,since s.x. : 8.x. : : ^.6. : -4.5.,if another 
arc be described with the point ^. as a centre^ and a 
radius sx. less than s^b. in the same ratio that s.b. is 
less than A.B.y then s^x. must contain the sine and arc- 
length of the arc so described with the radius s.c. ; and, 
again, the diff. fx., between the sine and arc-length of 
this small arc must contain the sine and arc-length of a 
smaller arc, described with the point at the extremity 
of the sine of the last small arc as a centre, and with a 
radius less than sx. in the same ratio that s.c. is 
less than s-b. / and, in the like manner, arcs may be con- 
tinually described, each arc being less than the arc 
preceding it in the same ratio, so long as there be 
any assignable quantity of distance remaining between 
the extremity of the sine of the arc last described and 
the point x. 

Note. — The reader may, if he please, describe Fig. 13, 
on a scale ten times larger ; the small arc and radius, 
b.s. and s.b- will be then enlarged to the size of the 
greater are B.S, and the greater radius A.B., and the 
second smaller arc, described with radius 5.c., will be then, 
if described, the same size and occupy the same relative 
position in the enlarged figure, which the arc 6.5., 
described with the radius 56., occupies in our Figure 13. 
The figure may be then again enlarged in the same pro- 
portion as before and a third sniialler arc be described ; • 
and so on ^ ad infinitum.' Instead, however, of actually 
describing enlarged figures, a mental alteration in the 
letters denoting the parts will serve the purpose, by sup- 
posing the lesser arc to have been enlarged into the 
greater arc, as often as may be desired — 
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QuantUive and Numerical Illustration. 

(R,X. + TJT.) = R.T. = 100000. 

«• T> -v. 1 T* « R»S» U.S. R>S« - 

Since K.iir. equals R.S. + -j^ + — - + j— + ad 

And T.X. equals T.t. +-i5-' + i^ + io^+ ad 



inf. 



inf. 



Therefore •< 



r 707107 
707107 
707107 
707107 
707107 
707107 

^ ^ad infinitum.' 



> + < 



r 192893 
192893 
192893 
192893 
192893 
192893 

'ad infinitum.' 



> = 10-0000 



(Fig. 14.) — CONSTEUCTION. 

With centre A. and radius A.B. describe the quad- 
rant B.M.F. . Bisect the quadrant in the point M.j and 
through M. draw A.K., the secant. Draw, also M.N.^ 
the sine of the arc jB.Jf., intercepting A.B. at N. 
Divide A.N. into ten equal parts, and divide also N.B. 
into ten equal parts, at the points of equal division, 1.2.3. 
4.5.6.7.8.9., respectively: — 
With radius 9.9. describe a quadrant of one-tenth less 

magnitude than B-M.F. 
With radius 8.8. describe a quadrant of two-tenths less 

magnitude than B.M.F. 
With radius 7.7. describe a quadrant of three-tenths less 

magnitude than B.M.F. 

And so on. Finally : — 

With radius 1.1. describe a quadrant of nine-tenths less 

magnitude than B.M.F. 

To each successive arc draw the tangent and cotangent 
of the arc, and also from each of the points in the line 
M.S.J where the line is intersected by the successive 
arcs, draw a perpendicular through the line B.K. 
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We now obtain three distinct divisions of B.K. ; 

(1) the successive tangeat-lengtha dividing B.K. into 
ten equal parts ; 

(9) the successive arc-lengths dividing B.O. into ten 
eqaal parts ; 

(3) the successive sine-lengths dividing B-D. into 
ten equal parts. 

Taking the radius j1.J9. = 10. The quantitive relations 
ofthethree linesare B.^. = 10-000000 

B.O. = 7-856742 B.D.^I-QlXmS 
And these relative proportionB are precisely the same in 
the least aa in the greatest of the arcs, and however far 
the reduction in size may be carried, solong as itbe pos- 
sible to describe a similar arc, or to imagine a similar arc to 
be described, these lines pertaining to the arc, and which 
even in imagination are inseparable therefrom, must neces- 
sarily have thesame relative proportions each to each and 
each to the arc. Referringto Fig. 10, we observe that so 
soon as the quadrant B-M.F. commences to roll upon 
the line B.E., the upper half-quadrant M^. commences 
at M. to pass through the line M.8. ; when the rolling 
process is completed, and the point M. becomes in contact 
on B.E-, the entire arc has passed through the line M.S., 
and every component part of the archaspassed through the 
line at the same angle ; therefore if we suppose a number 
of perpendiculars drawn through theline M.S- at any very 
minute distances from each other, each proportionally 
minute part of the arc in passing through the line M.S. 
would form with that line and the perpendicular (which 
cuts the line where the minute portion of the arc com- 
mences to pass through,) the figure E.O.S. on a scale pro- 
portionate to the minute magnitude of the lines 
compounding it. Now when the point M. of the 
arc has arrived at 0. the straight* longitudinal ex- 

• Wa mean by this eipreMiOD— the longituiliiial apace between two pef- 
pendiculan, ibe one drawn through the point at oneeitremtty of the arc, and 
the other (perpendicular) drawn through the opposite ezUemitj of the arc. 
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teneioQ of the arc is contained in the length of the 
line — to wit, in (0. T.) U.S. Every portion of the 
arc, therefore, relatively to the straight longitudinal 
measurement thereof on the line 0. T. suffers a dimi- 
nution in length in the ratio of R.S. to M.S. Con- 
aequently a manifest relationship becomes apparent be- 
tween the horizontal and perpendicular lines M.S. and 
S.O., which must be so proportioned to each other as 
to result in the arc length O.S. containing as its sine 
the horizontal length U.S. The quantitive relation 
expreBsed in figures makes the magnitudinal relation 
clearly apparent. 



for let A.B., the radius, = 
M.S. the arc length 
S.S., the sine. 
R.O. the versed 8ine = 
NowR.S.+E.O. = A.B. 
thus, 7-07106S + 9-92893 



10, then:— 

= 7-86674 
= 7-07107 
' 2-92893 



(-7856742- 



10-00000 
7-071068 



That is. . Dine-tentha of the diff. of the sine and arc (oftlie octant) 
multiplied bj ten, equals the sine. 

The quantitive relation of the other principal lines 
which occur in these figures (Figs, 10 and 14) may be 
briefly noticed. The secant A.K. is equal to the chord 
of the quadrant which relatively to the radius • as 10, 
contains V300 =14.14214 (equal to twice the sine of the 
arcB.ilf.) and, therefore, if divided into nine equal parts, 
the quadrant contains ten equal parts, each equal to each 
of those nine parts (Coroll. prop. D.) Again, the differ- 
ence of the radius A.M. and secant A.K,, namely M.K., 
is in the same proportion to M.D. as A.M. : AN,, . . 
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to wit, as 10: 707107. Therefore, ilf.Z". = 4.14314. (i.e. 
VaOO-lO). Jf.D. = a.92893. . . The numerical values 
of these quantities of magnitude in units of radiusexhibit 
their relationship, thus : Ji.S. + liO.= A.B.{qt B.K.) 
7-07107+ 2-92893= 10 

M. K. X M. N. 



B.K. 

^ 7'07107 



M.B. 



MATHEMATICS AND THE ART OF COMPDTATIOS. 
The fundamental character of the relation of the circle 
to the science of number and quantity is established by 
demonstration that the difference of the quadrant and the 
chordof the quadrant, (of the arc and sine of the arc) is 
an aliquot part of the quadrant and of the cliord, and 
that the number of those equal parts contained in the 
chord being nine — the quadrant contains ten ; because 
herein we find concluBi\e evidence that the (so-called) 
Arabic system of notation is not an artificial human 
contrivance, but a great natural fact of a primary 
character, a fundamental part of the Science of 
Creation, When this is well understood it will be 
only necessary, in order to appreciate in some measure 
the immense number of facts of a secondary character, 
belonging to the science of Number and Quantity, 
furnished by the correlation of the lines compounding 
{or belonging to) the circle, to consider the relationship 
of the few primary tinea — exhibited in their numerical 
values furnished above — in connection with the method 
shown in Fig. 14, of reducing the arc-magnitude B.M. 
from a radius equalling 10. to the one-tenth thereof by 
a gradation of similar arcs, through the nine successive 
intermediate maguitudes. It is to be noted that each of 
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these lesser area has its own dependent lines with thesame 
respective proportions each to each as the lines belong- 
ing to the greater arc, and that since each lesser arc has 
a known definite ratio to the greater arc, each and every 
line belonging to each lesser arc has a known* definite 
quantitive (numerical) ratio to each and every line 
belonging to the greater arc. Again, this primary divi- 
Bion of the arc of given magnitude (that of the arc with 
radius — 10, into units) may be subjected to subdivi- 
sion, and then, to further subdivision ; each division 
furnishing an additional series of quantitive representa- 
tives or members, each member of the series having its 
own system of compounding lines, with their definite 
ratios each to each, and each to the radius of that 
member ; and each member also having a definite known 
ratio • to each of the other members of that series, and, 
through the primary member of that aeries, having a defi- 
nite known ratio to the general primary, — that is, to the 
primary arc or circle of given magnitude; and, through 
the general primary, having also, a known definite ratio 
to each of the members, and to each and all the definite 
divisions and subdivisions of the primary circle. 

Now these relations of the compounding lines belong- 
ing to the circle are natural facts. They may be justly 
considered the material out of which and with which the 
iostrumenta of quantitive analysis are to be constructed, 
to be improved, to be simplified, and to be, as far as 
possible, perfected. 

That these facts are existent, and that they are not by 
any means deeply buried, is well known to many of those 
whose occupation it is to till the groundf or whose espe- 
cial duty it is so to do ; but many of those persona prefer, 
with a strange, and, as it would seem, with an increasing 
perversity, to cultivate the thorns and thistles, leaving 
the goad seed as not worth utilizing. 

* Or which maj be mude known. (In lAi'i 
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Amongat the things denominated ' thorns and thistles' 
we are not to be understood as intending to include 
the modern methods of mathematical analysis. It is 
true that in the compound trigonometrical process 
(under which general expression it is intended to include 
collectively all of the several forma of applied quan- 
titive mathematics) we have an instrument of great 
value, a mechanism which is correctly adapted to per- 
form its work with certainty and accuracy, and which is, 
when properly used, perfectly reliable aud trustworthy. 
It is also true that this mechanism has performed a part in 
the workofcivilization, the value and importance of which, 
in a human sense, it might be difficult to overstate or to 
estimate too highly ; and it is again also true that the 
lives of very many able men belonging to successive 
generations ha.ve been employed in constructing, elabor- 
ating and perfecting this mechanism, and that it has 
been now brought, comparatively speaking, to a state of 
completeness and, almost, of perfection. But all this 
being admitted and fully appreciated, — it is no leas true 
that this mechanism is only a human contrivance, — it ia 
one form of application only out of a number in which the 
Material may be applied; it is the utilizationonly of a very 
few facts where the number, from which selection may be 
made, is almost unlimited. That the mechanism is of a 
complicated and elaborate character requiring in its 
higher forms a special training, a long course of study, 
and much practice to apply it efficiejitly and with safety 
to the purpose for which it is adapted, is undeniable. Is 
this a recommendation or the reverse 1 No doubt its 
application and use had much better be left to those who 
have bad the necessary training and are therefore able 
to apply it in the proper manner : but is it to the advan- 
tage of the community that such potentiality should be 
confined to a very few individuals T Is there any obvious 
natural necessity that it should be so T Who shall say 
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that the few facts now utilized are the heet adapted for 
the purpose of such an instrument, or that the form of 
mechanism now in use is the most simple and effective 
that can be devised. The evil of separating one division 
of knowledge from the rest as an exclusive department 
is manifold and unquestionable, and that it is so would 
probably be admitted in theory by some, perhaps be 
readily admitted by many, who are, nevertheless, quite 
prepared to say to those of their fellow labourers in the 
field of science who approach too nearly their depart- 
ment. — ' This is holy ground — go back : thou art unfit.' Is 
it, or is it not, true that the language of mathematics is fast 
becoming an unknown tongue to ordinarily educated men, 
and that those to whom it is known can scarcely hold 
converse with their fellows (on any scientific sub- 
ject) in ordinary language without a feeling of condes- 
cension and scarcely witliout a feeling of impropriety t 
Koman's knowledge is perfect, or nearly perfect, in respect 
even to one kind or variety of knowledge, and much of 
the value of any one kind unquestionably consists in its 
belonging to general science, as one member of that 
body to which all the members belong. Is it true 
that the mathematician does now, in some degree, 
regard his fellow-worker who is unpracticed in the 
calculus and non-conversant with differential methods 
as but little better than a publican and heathen f 
If it be true that such feeling does manifest itself in any 
considerable degree, it may be pronounced decidedly 
unwholesome and had — bad for science and bad for civi- 
lization — because mathematical knowledge is a aecesBity 
to science and a necessity to civilization. 
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We have now put before the public, demonstration of 
the problem which determines the quantitive ratio of 
the perimeter of the circle to the diameter. We know 
that examination will show the demortBtration to be 
mathematically incontestable, and we know, moreover, 
that the requisite examination cannot be now much 
longer delayed. We are mindful, however, that there 
has been for a long time pa^t a trigonometrical (supposed) 
solution of the problem, which is looked upon by many 
persons, educated in this department of science, as a 
mathematical determination of the question; ho that 
when those persona are asked to examine and consider 
a geometrical solution of the problem, they reply by 
requiring to have that which they consider to be adverse 
demonstration disproved before they are willing to pay 
any attention at all to the alleged geometrical demon- 
fitration. In the circumstances of this particular case 
there ia, at least to some extent, a justification of such & 
requisition as reasonable, because mathematicians have 
been exposed to much and continual annoyance on this 
Bubject from persons wlio, having neglected the legitimate 
means of qualifying themselves to investigate such a 
subject, have not hesitated to give trouble to and waste 
the time of other people, without first taking the trouble 
themselves to consider whether their qualifications were 
such as to entitle them to occupy the attention of others, 
or to justify them in endeavouring to do so. We will 
now, therefore, attend to this requisition. 

There are several methods in which the trigonome- 
trical process is applied, from each and all of which the 
same result (supposed solution) is obtained. But these 
several methods belong essentially to one and the same 
process, of which they are merely variations. Tliat 
process consists in dividing and subdividing the arc of 
a circle, and in measuring by trigonometry the extreme- 
ly small portion of the arc, which would result i'rom a 
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long continued proceasof rednctioD bybi-sectionl diviBion. 
The application of the process being fundamentally based 
on an assumption or assumed axiom — that, if the arc of 
a circle be continually reduced by continued bi-section, 
the last remaining fraction of the arc is equivaleut to the 
fraction of a straight line. The truth of this fundamen- 
tal assumption we deny. In regard to the trigonometri- 
cal result, our objection is to the application of that 
result, and to the inference that a correct solution of the 
question is thereby arrived at. The most satisfactory 
way to specify our objection and to point out the precise 
locality of the mistake, will be to take Legendre's 
method of applying the process by inscribing and cir- 
cumscribing polygons in and about the circle ; because 
Legendre's formal exhibition of the process so applied 
is generally considered by mathematicians as particularly 
conclusive and reliable. 
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Leoendre's Geometey, (translated by D. Brewster.) 
Book v. — Prop. xm. Phobleu, — 
" r/je surface of a regular inscribed polygon and that of a 
similar polygon circumscribed, being given ; to find the 
surfaces of tlie regular inscribed and circuniscribed polygons 
luiving double tlie number of sides. 

Let A.B. be a side of the given inscribed polygon; 
E.F., parallel to A.B., a side of the circumscribed poly- 
gon ; C, the centre of the circle. If the chord A.M., 
and the tangents A.P., B.Q., be drawn, A.M. will be a 
side of the inscribed polygon, having twice the number 
of sides; and A.F. + P.M. = 2 P.M. or P.Q. will 
be a aide of the similar circumscribed polygon, (Prop. VI. 
Cor. 3.) Now, as the same construction will take place 
at eacli of the angles equal to A. CM., it will be suHicient 
to consider A.C.M, by itself, the triangles connected 
with it being evidently to each other as the whole 
polygons of which tbey form part. Let A., then, be 
the surface of the inscribed polygon whose aide is A.B., 
B. that of the similar circumscribed polygon ; A.' the 
surface of the polygon whose side is A.M., B". that of 
the similar circumscribed polygon : A. and B. are given, 
we have to find A', and B'. 

First : The triangles A.C.D.,A.C.M., having the com- 
mon vertex A., are to each other as their bases CD., CM., 
they are likewise to each other as the polygons A. and 
A', of which they form part : hence A : A.': : CD. : CM. 
Again, the triangles CA.M., CJlf.£., having the common 
vertex M., are to each other as their bases CA., CE. ; 
they are likewise to each other as the polygons A', and B. 
of which they form part ; hence A' : B. : : CA i C.E. 
But since A.D. and M.E. ate parallel, we have CD : " 
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■ "CM: : C.A.: C.E,— hence A: A': : A' : B~\ience the 1 
H polygon A'., one of those required, ia a mean proportional ■ 
H between the two given polygons A. and £,, and conafi- V 
H quently A'. = -JA. x B. 1 
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Secondly. — The altitude CM. being common, the tn 
ngle C.P.M. ia to the triangle G.P.E. as F.M. is to P.£. 
ut since C.P. bisects the angle M.C.E. we have P.ilf. 
°.E. : : CM. : C.E. (Book IV., Prop. XVII.) : : CD 
I.A. : : A : ^'.—hence C.P.M. : C.P.E. -.-.A.: A'.- 
Dd consequently CP.M. : C.P.M. + CP.E. or CM.E. : 
l.:(^.+ A'.) But C.JIf .P.A., or 2 O.Jtf.P. and aM.^.ar 
each other as the polygons B. and B. of which they fom 
art; hence 5" : B. ■.■.2A.: A.-^A\ Now A', has bee 
[ready determined ; this new proportion will serve for 


e 

n 
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"determining B. and give us B.'= a + A ^^^ *^"^ ^^ 
means of the polygons A. and B. it is easy to find the 
polygons A. and 5". whicli shall have double the number 
of sides. 

Prop. xrv. Problem. 
To find the- approximate ratio of the circumference to the 



Let the radius of the circle be 1 ; the side of the in- 
scribed square will be V2 (Prop. III. Sch,,) that of the 
circumscribed square will be equal to the diameter 2 ; 
hence the surface of the inscribed square is 2, and that 
of the circumscribed square is 4. Let us therefore put 
A. = 2 and £. = 4; by the last proposition we shall find 
the inscribed octagon .<1'=V8-3'8284271, and the cir- 

16 
cumacribed octagon J'.= a+JR =3-3137085. The in- 
scribed and the circumscribed octagons being thus deter- 
mined, we shall easily, by means of them, determine the 
polygons having twice the number of sides. We have 
onlyinthie case to put A = 2-8284271. £. = 3-3137085; 

we shall find ^'=V-i.£. = 3.0614674, and B. = 2 _).V 

= 3-1825979. These polygons of 16 sides will in their 
turn enable us to find the polygons of 33 — and the pro- 
cess may be continued till there remains no longer any 
difitrence between the inscribed and the circumscribed 
polygon, at least so far as that place of decimals where 
the computation stops, and so far as the seventh place, in 
this example. Being arrived at this point, we shall infer 
that the last result expresses the area of the circle, which, 
since it must always lie between the inscribed and cir- 
cumscribed polygon, and since those polygons agree as 
far as a certain place of decimals, must also agree with 
both as far as the same place," 
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^•We have subjoined the computation of those polygons, 
carried on till they agree as far as the seventh place of 
decimals : 

Numhr of Interibed Circumteribed 

tides. polygon. polygon. 

'' *• ' ■ 

4 2-0000000 4-0000000 

8 2-8284271 3-3137085 

16 3-0614674 3-1825979 

32 3-1214451 3-1517249 

64 3-1365485 3*1441184 

128 3-1403311 31422236 

256 31412772 3-1417504 

512 3-1415138 3-1416321 

1024 31415729 . .3-1416025 

2048 3-1415877 31415951 

4096 3-1415914 3*1415933 

8192 3-1415923 3-1415928 

16384 3-1415925 3*1415927 

32768 3-1415926 3-1415926 

The area of the circle, we infer, therefore, is equal to 
3-1415926. Some doubt may exist perhaps about the 
last decimal figure, owing to errors proceeding from the 
parts omitted ; but the calculation has been carried on 
with an additional figure, that the final result here given 
might be absolutely correct even to the last decimal place. 

Sincethe area of the circle is equal to half the circum- 
ference multiplied by the radius, the half circumference 
must be 3*1415926, when the radius is 1 ; or the whole 
circumference must be 3-1415926, when the diameter is 
1 ; hence the ratio of the circumference to the diameter, 
formally expressed by ^, is equal to 3-1415925. The 
number 3.1416 is the one generally used.^^ 

Of these two propositions the last is a computation* 

* All computations really such (Le, which are not merely 
explanatory or merely the numerical equivalents of state- 
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based upon the first, or it may be considered as the num- 
erical equivalent and illustration of the first, exhibiting ia 
numerical units of the radius those relations of the parts 
which the first proposition apparently establishes. The 
first of these two propositions (prop, xiii.) is, however, 
quantitive,and may be also correctly considered as belong- 
ing to the science of Quantity and Number* rather than 
to that of ' Magnitude and Form,' Our objection to these 
propositions is two-fold, by which we mean that we 
object to two assumptions involved in these propositions, 
and which two assumptions, although nearly related, may 
be considered distinct. 

Almost at the commencement of proposition xiii., we 
find the first aaaumption, to which we object, distinctly 
stated in these words : " If the chord A.M. and the tan- 
gents A.P., B.Q. be drawn, A.M. will be a side of the 
inscribed polygon, having twice the number of sides ," 
and A.P. + P.M. ^ 2 P. M. or P. Q. wiU be a side of 
the similar circumscribed polygon." Here then we have 
the statement that A.P. -i- P.M. = P. Q. To justify 
the acceptance of this statement it sliould either be sup- 
ported by demonstration or be in itself manifestly true. 
(1) Is it supported by demonstration ? We refer as 
directed to Cor. 3 of Prop, vi., which reads thus : "It 
ia plain that N. H. + H.T.= H. T. + T. G. = H. G. 
one of the equal aides of the polygon," &c. Now these 

mente), may be conaiderod the solutions of propositions, in 
the acieBce of quantity and number. If an algebraical com- 
putation the proposition ia quantitive ; if belonging to 
arithmetic, the proposition ia numerical. 

fit is not meant that these propositions of Legendre are, 
for this reason, less reliable or of leas value, but the dis- 
tinction is noted as a protest againat calling things which 
belong to different divisions of science, and which are not 
the same, by the same name. According to tho title of the 
book, they purport to be propositions in Geometry. 
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lines are in the same case bbA.P. + P. M. — P.Q. ; 
so tbat we find thereio not demonstration, but an asser- 
tion that the thing stated ia a manifest fact. (2) Is it 
manifestly true T The case in the Corollary, just quoted 
from, is that N. H. + S. T., which ia an angle and 
indirectly defined, by the preceding and following pro- 
positions, to be a complete angular figure * is equivalent 
to H. G. which is a straight line. Similarly in proposi- 
tion xni., the angle A. P. + P. M. is assumed to equal 
the straight line P. Q., because either A. P. or P. M. 
measured separately as a straight line is apparently equal 
to one-half the straight hne P. Q. It ia, therefore, as- 
sumed as manifest that the vertex of the angle haa no 
quantitire value, in itself independently of its sides con- 
sidered as straight lines. 




'ig- 1- Fig. 3. 

Let ua suppose Fig. 1 to be a figure compounded 
of straight lines placed close together, and Fig. 3 to be 
a figure likewise compounded of angle-lines placed close 
together. In Fig. 1, if two of the lines be considered 
relatively to each other, they appear to be similar and 

equal magnitudes, and on consideration of the figure, 

that is, of all the lines compounding the figure relatively 
to each other, — ^it becomes manifest that the lines are ac- 
tually similar and equal longitudinal magnitudes, because 
both the sides of the figure compounded by the lines 
are perpendicular to the longitudinal extension of those 
straight lines, and the compounded figure is rectangular : 

*That is — not a compound fragmentary figure formed 
by two lines merely placed together. 
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therefore, if two or more of the hues be similarly divided, 
the divisional jiart or parts of the one will be equal to the 
similar divisional part or parts of the others. In Fig. 9 
if the two top or bottom angle-linea be considered rela- 
tively to each other they appear to be also similar and 
equal magnitudes, but on consideration of the figure, 
that is, of all the lines compounding the figure relatively 
to each other, it becomes manifest that the lines, although 
similar, are not equal, for the lower lines of the figure 
are evidently lesser longitudinal magnitudes than the 
upper lines ; nevertheless, if two of the angles compared 
together be consiJered as compounded of four straight 
lines, and the four straight lines be compared with each 
other as longitudinal magnitudes, the diflerence may be 
leas than any assignable quantity ; moreover, it' the equal 
lengths of the lines be equally increased, the extremely 
minute dilterence must be proportionately diminished, arid 
if the equal longitudinal magnitudes be in such wise inde- 
finitely increased, the difference will be indefinitely dimin- 
ished; nevertheless, the dilf. is actual, and if one of the 
angle lines compounding the figure, however extremely 
minute may be the breadth which that line is imagined 
to possess, be (supposed) separated into two liuea each 
having half that breadth, then must necessarily the outer 
of the two halves be of greater length than the inner ; 
and, moreover, the under surface of the outer half must 
necessarily be in longitudinal magnitude greater than 
the upper surface of the inner half. Before considering 
the (1) objection further, we will go on to define the 
character of the (2) objection which, as we have stated, 
is in some measure distinct, and we will then consider 
the two-fold objection aa one. In Fig. 3, we have 
the arc A, B., the sine C. B. and the tangent A. d. of the 
arc. Now, there is an assumption, which we are about 
to explain and to which we are about to object, in re- 
spect to the diminution of this figure by definite division 
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4^ 



of the arc, which is at the present time generally 
adopted by mathematicians ; and which, although not 
distinctly put forward as an axion or theorem in 
either of the two propositions, is adopted also by 
Legendre and forms an essential part of the foun- 
dation* upon which his apparent demonstration rests. 
Let us suppose the arc A. B. to be bisected, and the 
sine of the remaining half-arc to be drawn, and the 
tangent A. d. to he also bisected ; we shall then find 
that both the sine and tangent in the lesser resulting 
figure are much nearer to the arc throughout their length 
than in Fig. 3. If the arc and the tangent of the lesser 




figure be also bisected, a still nearer approach of the sine, 
the arc, and the tangent to each other, will result, and it 



* The coincidence of the lines appears to be included in 
and to be partly the subject of his demonstration ; but careful 
consideration will show that the process itself, having regard 
to its intended application, is primarily based upon a fore- 
gone conclusion as to such coincidence. 
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is evident that if this procesa of bisection were to be con- 
tinued in like manner, the deviation of either of the 
remaining parts of the three linea from a single straight 
line would be but very small ; for, at the *8th bisection, 
only the 256th part of the tangent A. d. vrould remain, 
and this would evidently very nearly coincide with the 
remaining 256th part of tlje arc. Now the assumption 
which we wish to specify, and to which we object, is 
that — if the process of bisection be so continued, a small 
part of each of the three lines will eventually remain, 
which will absolutely coincide and become essentially 
one line. Observation of Fig. 3 shows that the two 
extremities of the figure A.C.B. d. are not similar; the 
relations of the three lines — the sine, the arc, and the 
tangent — are such that if the line C. B. be moved down 
and applied upon the line A. d., a small part of the three 
linea at the extremity A. will appear to coincide ; but at the 
opposite extremity B, although the two lines O.B. and A-d. 
would in that case coincide, the arc A, B. would deviate 
by the amount of its curvature from the straight line. 
Now if the usual method of considering the result of the 
process is reversed, and, instead of conaidering the 
eventual relationship of the lines (when the process has 
been carried very nearly to the vanishing point) with 
reference to the extremity A, and the perpendicular 
It, A., that eventual relationship is considered with 
reference to the opposite extremity of the remaining 
arc and to the radius which intercepts that opposite 
extremity — the impossibility of an absolute coincidence 
of the three lines becomes at once apparent, because — 
however minute the fraction of the arc remaining — so 
long as there be any arc, the radius which intercepts the 
extremity of the arc opposite from A. can never become 
quite perpendicular, consequently the sine must ne- 
cessarily remain, until the very last, inside the arc, and 
the tangent must remain outside. The obvious imposai- 
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bility of an tactual coincidence of the three lines would 
seem to have forced itself for the moment (to be again 
immediately lost sight of) on the attention of Legendre, 
and it is admitted in Prop. xiv. by the words " We shall 
infer that the last result expresses the area of the circle, 
which, since it must always lie between the inscribed and 
circumscribed polygon^ *and since these polygons agree as 
far as a certain place of decimals, must also agree with 
both as far as the same place." Now the cumulative 
character of any disagreement has here been overlooked ; 
a very close approximation to equality in the three lines, 
left remaining as the result of continued bisection carried 
to the extreme, is quite intelligible and indisputable, but a 
very close approximation between the inscribed polygon, 
the circumscribed polygon, and the arc between them, 
if that arc contains the eighth part of a circle, becomes, 
when the construction of the circle is correctly under- 
stood, a manifest impossibility. If the increase of the 
small remaining part of the arc was merely an ^tension 
thereof into a greater magnitude of similar form, such as 
would result from increasing the length of the radius, 
namely, the extension into a larger arc similar inform to 
the small arc, or more strictly speaking, into the 
similar fraction of a larger circle, there would then be a 
possibility of an almost absolute agreement, such as 
alleged ; but a circle cannot be produced in such a way ; 
the circle may be considered as formed by the longitudinal 
union of extremely small arc magnitudes similar in form 
to each other ; consequently, as the compounded magni- 
tude increases, so does the deviation from the straight 
line, and so, also, does the amount of difference between 

*We have put these words in italics to specify the admis- 
sion. It is to be noted that this admission is quite irre- 
concilable with the alleged agreement or equality of the 
lines, because such agreement would be equivalent to abso- 
lute coincidence of the lines. 
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the arc and straight line, continually accumulate. The 
difference which expresses the disagreement in actual 
length of the smal] lines, is a part of the relation inform 
of those lines, which increases proportionally to the 
increasing development and magnitude of the figure. If 
the small part remaining as the result of bisection be 
the 100th part of the half- quad rant' then the difference 
between the sum of the one hundred small sines, the 
sum of the one hundred small tangents, and the half 
quadrant itself, will be one hundred times greater than 
the corresponding difference existent in the small arc 
between the similar lines ; or if the small arc be the 
one-thousandth or the one-millionth part of tlie half- 
quadrant, then must the difference between the sum of 
the sines and of the tangents of all the combined small 
arcs, and the half-quadrant itself be one thousand times, 
and one miUion times respectively, greater than the 
difference between the corresponding lines, to wit — 
between' the sine, the tangent, and the arc-length, belong- 
ing to the small arc. 



•The circle naturally divides itself into eight parts com- 
parod to an inaeribed or circumscribed square, because the 
four quadrants are each divisible into two half-quadrants, 
each of which has the same relative relation to the side of 
the square as the relation of the other half ; so that the eight 
parts of the circle relatively to the aides of the square are 
similar and equal each to each, but if further division be 
mode, then such equality and similarity in form relatively to 
the side of the square will no longer obtain, because the 
curvature of the diminished are will be less than that of the 
pari divided off from it. The non-appreciation of this fact 
has much to do with the erroneous conclusion supposed to 
have been demonstrated ; it is, indeed, through the distinct 
and thorough appreciation of this relationship that an 
apprehension of the precise character of the fallacy is to be 
arrived at. 
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Some of those persons who are reasonable enough to 
feel that to nominally define a thing by calling it an ab- 
straction does not define it at all^ prefer to adopt the ex<* 
pression ^ surface ' whereby to denote a line^ * and define 
a geometrical line as ^ the surface of a geometrical figure.' 
Now the surface of a thing must either belong to and be 
a part of the thing or must be outside of it ... in 
regard to the circle, for instance, the surface must either 
belong to and be a part of the area of the circle, or it 
must be outside the circle. If supposed to be within the 
circle then must the circumscribed polygon, compound- 
ed by the union of the small tangents, (if the circumscribed 

* Strictly speaking, according to the presently accepted doctrine, a 
line is the extremity of a superficies. If a superficies were to be defined 
as a real surface, compounded of real lines, the expression would not, 
we opine, be subject to objection ; a line might be then considered as 
one of the extremities of the surface, or as a section of, or as one of 
the elementary constituents of the surface. As the (so ca]led)defini- 
tion now stands, if we attempt to directly cognize it as an intelligible 
idea, we find ourselves almost immediately enveloped in a network 
of contradictions. (1) The surface is either compounded of lines, or 
it is not compounded of them. — If it is, how can that which hath 
breadth be compounded of that which is without breadth ? If it is not, 
what then is that surface of which the line is the extremity, and of 
which, nevertheless, the line is not a part ? of what then is that 
surface compounded, and is the surface itself a part of, or does it 
belong to anything ? But the difficulty (dilemma) is of a still more 
refined character. — " The extremities of a line are points," which are 
negatively defined to be nothing. Now, the relation of the line to the 
surface is defined to be similar to the relation of the point to the 
line : it therefore seems to follow that since the line has nothing for 
its extremities, the surface likewise has nothing for its extremities. 
How are we to cognize the idea of a surface without any extremities ? 
or, of a surface which hath length and breadth together with extrem- 
ities which according to the definition, certainly have no breadth and 
probably have no length, for the supposition of a line without 
extremities possessing length is, if it have any meaning, the negative 
supposition of a non-existent line which might be possessed of length 
if it were existent. 

(See, in the Appendix, Dr. Simson's explanation of a superficies 
and illustration of Euclid's dogma.) 



THE GIHCLE AND STRAIGHT LINE, 



polygon be a continuous and not a fractional figure) be 
neceaaarily greater than the surface. And if the surface 
be outside the circle, then must the surface be great- 
er than the sine, which is always within the circle and 
therefore less than the circumscribing polygon by which 
the circle is surrounded. 

The objections to Legendre's propositions, as a sup- 
posed demonstration of the ratio of the circle to the dia- 
meter, are ; — 

First. — Evidently, he assumes the circumscribed poly- 
gon to be a simple continuous figure ; because the appli- 
cation of his propositions is based upon a comparison of 
the polygon with the arc of the circle which is a simple 
continuous figure, and if the polygon be not simple and 
continuous his demonstration fails, since, in that case, 
the reasonableness of the application is not shown. It 
is objected that the case is not in fact as he assumes it 
to be : the circumscribed polygon is not simple and con- 
tinuous, but compound and fragmentary . . for, if a 
straight line be bisected and the two halves thereof be 
placed together, so that their adjoining extremities form 
the vertex of an angle, it is manifest that the quantity of 
length contained in the exterior surface of that angle 
must be, measured as a continuous surface, greater than 
the sum of the two linea, measured separately and taken 
together ; because the interior surface (within tlie angle) 
must be equal to the lengths of the two lines taken to- 
gether, and the exterior surface of an angle, considered 
as a complete figure, is evidently greater than the in- 
terior surface. 

Second. — The inscribed polygon is assumed, if the 
proc(»s of bisection be continued, to become eventually 
coincident with the circle. It is objected that this is im- 
possible, for 80 long as any part of the circle remains, 
however minute that part maybe, the sine of the arc must 
be within thearc; and, if this be admitted, {which it must 
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necessarily be) it then follows that, in comparing the half 
quadrant with the radius^ the difference, because cumu- 
lative, must be increased proportionaDy to the greater 
curvature of the half-quadrant, compared with the lesser 
curvature of the minute arc. * 

Some mathematicians are disposed to require in this 
case, in addition to adverse demonstration and to reason- 
able objection, the explanation of an apparent difficulty 
of a particular kind. It is said : — ^there can be no doubt 
that this numerical quantity found by Legendre and 
others as the ratio of the circle to the diameter, does 
represent the ratio of a quantity which has some actual 
and significant relation to the circle ; that it must be 
30, is established by indirect evidence, for the very 
same quantity appears as the notable result of quite a 
number of different computations connected with the 
circle. Explain, therefore, what this quantity really is. 
What is the relationship of this quantity if it be not in 
fact that assigned to it by Legendre and others ! 

The answer to this requisition is : — ^The quantity in 
question, namely — -78539 .... is the sum of the lengths 
of the sines of all the elementary arcs contained in the 
half-quadrant, and into which the half-quadrant may be 
divided by the continued process of bisection. In other 
words, '78539 .... represents the length of the sine 
Ijelonging to the extremely miuute (ultimate) arc, which 
results from the continued process of bisection, multi- 
plied by the number of those minute arcs contained in 
the half-quadrant, when the radius of the circle is valued 
as a unit.* 

The origin of the error in Legendre's method, as well 

* This fact, with its precise significance, may become more 
distinctly apparent by consideration of the process of the 
radial duplication of the bisected aro-^an explanation of 
which will be found in the Appendix. 
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as ID the application of the process known as that of 
continued bisection, is in the omission to observe that 
comparison has to be made between a continuous curved 
line (the circle) and a continuous straight line (the 
diameter.) The circle may be divided into four equal 
parts, and the inscribed (or circumscribed) square ia then 
equally and similarly related to each of those parts ; and, 
further, each of the quadrants and each side of the 
square may be bisected, and still the same equal 
anil similar relation will exist between each of the 
eight parts of the curvilinear figure and each half-side 
of the square; but, if division be cjirried further, the 
relation will no longer continue similar and equal. If 
the half side of the square were to be broken up into its 
(ultimate) component parts, and these arranged as an 
inscribed (or circumscribed) polygon, each minute part 
would be related to its arc — similarly to each of the 
other minute parts ; but the polygon, being fragmentary 
and non-continuous, would not be in the same case as, 
and would not admit of indiscriminate comparison 
with, a continuous straight line. 

For the purpose of defining the characteristic distinc- 
tion between a straight line and the arc of a circle, and, 
at the same time, indicating the boundary between the 
conceivable and the inconceivable — between the reality 
of Science and unreality of Metaphysics, — we will notice 
here the word 'infinite.' In the first place it may be of 
service to call attention to the foolish and mischievouB 
manner in which this word is becoming more and more 
frequently used. The word 'infinite' ia properly and 
correctly used in Mathematics and in other divisions of 
science aa the opposite to' finite,' Outside or independ- 
ently of its use in such sense the word ' infinite ' has a 
naturally sacred character as applying to the attributes 
of the Creator, and it is very desirable that the uae of 
the word should be restricted to its proper and correct 
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application. It is now used in all sorts of literary 
composition, — in newspaper articles, lectures, sermons^ 
&c. — in a manner that may be termed unsensCj and which 
would oftentimes be absurd if it were not calculated to 
have a seriously mischievous eflect. Perhaps, the most 
common mistake is its use as equivalent to the expres- 
sions — ^indefinite,' which means that which is finite, but 
of which the limit is not, or cannot be defined — and 
^ inmieasurable,' which means that which cannot be 
measured in consequence of its exceeding greatness. 

^Infinite' means boundless, unlimited, endless, con- 
tinual extension, &c., &c. The word does not correctly 
compound with words (adjectives) which express com- 
parative extent, or in which measurement is implied. Such 
a compound expression as ^infinitely great' is, therefore, 
(with exception of the theological sense) barbarous ; ' infi- 
nitely greater' or ^ wiser' is about equally so ; ' infinitely 
small' and ^infinitely less,' or ^infinitely more foolish 
are perhaps even worse. We make these remarks in this 
place, primarily, for the purpose of obtaining the requisite 
attention to the distinction between a circle described 
(1) with a definite radius or (2) with a radius of inde- 
finitely great length, and (3) a circle described with 
(using the expression for illustration only) an infinite ra- 
dius. In the first (1) there is included, because necessarily^ 
resulting therefrom, the idea of a definite circle, of which 
the magnitude is determined and defined by the definite 
magnitude of the radius. Belonging to the second (2.) is a 
circle the magnitude of which is limited ; itS: magnitude 
may be immensely, perhaps immeasurably, great, and 
therefore of unknown greatness, but it is limited by the 
limited length of the radius, whatever that length may 
be : for example, the radius, or radial distance, may be 
the distance between the earth and the most distant star, 
and, as the distance of the star is evidently finite, so 
must the magnitude of the circle described with that 
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radial distance be limited accordingly. It may be here 
noted that we can conceive or adopt as a conception and 
distinctly cognize as an idea, anything of which we have 
(obtained) certain knowledge as a fact . . . taiviiig as an 
example the case just stated, or its equivalent — of the 
earth moving in its orbit of revolution around the sun, 
if we consider the motion of the earth through a quantity 
(an extension) of space equivalent to a few yards or feet 
of terrestrial measurement, the motion would appear to 
be in astraight line. Compared to any merely terrestrial 
motion, it would be (almost absolutely) in a straight line ; 
and, considered merely in reference to any such motions, 
its deviation from a straight line would be inconceivably 
small, and would scarcely admit even of intelligible 
expression as a comparison with any merely terrestrial 
quantity ; nevertheless, by a knowledge of the fact, and 
of certain other facts with which to make comparison, 
we are enabled not only to obtain the conception of, but 
idso to distinctly appreciate the deviation and, even, to 
determine and measure its amount with correctness and 
accuracy'; we are enabled to be perfectly sure that the 
path or line of the earth's motion, throughout that quan- 
tity of space, is not in a straight Hoe but in the arc of a 
circle, having the sine of the arc within and the tangent 
of the arc without, the boundary (perimeter) of that 
circle. 

Thirdly, (3) we have the idea of a straight line, or, so 
to apeak, we have the compound ideaf of the arc of a 
circle which has become a straight line. If it were con- 
ceivable that a radius-vector might have infinite length, 
it would then follow that the extremity of sucii a radius 
would describe a straight line, and the straight Hne 
* Supposing, of course, the distance of the san from the 
earth to be correctly and accurately known. 

•\ We have already stated that these expressions are nsed, 
in this connection, only in illustration of the particular case 
under consideration. 
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might then be considered as the arc of a circle of infinite 
magnitude. It may be that herein we have the nearest 
approach that can be made by the human mind to a con- 
ception of that which, if it can exist^ does not belong 
to the world of humanity 5 to a conception of the incon- 
ceivable ; for, in what may be termed a compound nega- 
tive sense, the mind does seem to be very nearly able to 
distinctly cognize the supposition as a positive idea. 
Having certain knowledge of the straight line as a fact, 
and apprehending the necessity that, if the supposition of 
the infinite radius were admissible, the straight line must 
have that relation to it which the arc of the circle has to 
a finite radius — the shadow seems to assume substance, 
and it is almost as though the mind were able to grasp 
the unreal idea as a reality. But, in fact, there would 
be no circle and the supposition as a positive hypothesis 
does not belong to (human) science. To entertain and 
to wilfully play with such an unreal idea as a positive or 
concrete conception is forbidden ; to do so would be to 
leave the realm of science, and, contemning the guidance 
and authority of reason, to enter the dark domain of me- 
taphysics. We believe, however, it is admissible to enter- 
tain the idea, thus far, negatively, for the express purpose 
of defining the boundary and of clearly realizing the 
essential distinction between the straight line and the 
circle. 

A very serious obstruction in the way of intellectual 
progress has been now pointed out and clearly indicated. 
The false statement at the commencement of Euclid's 
great work is now unmasked and its actual character 
made manifest as a monstrous deception of Untruth in 
the place of that which it purports to be — a true defini- 
tion of reality. Those who for the future are deceived by 
it must be so by wilfully subjecting themselves to such 
deception. So soon, however; as its false and deceptive 
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character haa become distinctly- uDderstood, those who 
more particularly represent Education and Science, 
should mark its baneful influence in the vantage ground 
it has 80 long occupied, and see to its speedy condemna- 
tion and removaL Let ' the stumbling-block be taken 
Qp oat of the way.' 




. SUPPLEMENT 

TO PART SECOND. 



The Ultimate Tangent — Objection to Legendre^s mode of 
computing the quantitive ratio of the polygon circumscribed 
cibodt the circle^ to the diameter of the circle. 

Now Legendre does not deny, but indeed distinctly 
admits, that the tangent must be always a greater longi- 
tudinal magnitude than the fractional arc which it sub- 
tends, however far the reduction of the arc by bi-sectional 
division may be carried ; but he argues that when the 
remaining section of the arc becomes extremely small 
the curvature is almost eliminated, and the remainder of 
the tangent (or small side of the polygon) virtually (i. e* 
very nearly) coincides longitudinally with the remainder 
of the arc. 

The fallacy in the application made by Legendre of 
the process adopted by him, may be said to consist in, 
or to arise from, the want of a complete apprehension as 
to the distinction between relative and absolute quanti- 
tive magnitude. All quantitve magnitude expressed as 
measurement is relative, and it is the expression of the 
ratio of one magnitude to another magnitude, which last 
is taken or given as the standard of comparison. 

The object of Legendre's investigation is to ascertain 
the quantitive relation of the circumference of the circle 
to the diameter, expressed in units or standard increments 
of the diameter, or, which is equivalent, the relation of 
the octant to the radius expressed in units of radius. 
Legendre, increasing the number of sides of the circum- 
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scribed polygon by bi-sectional duplication, finally obtains 
a polygon of which one of the very small sides only very 
slightly exceeds in length the fractional arc which it 
subtends. He then measures the arc* and the tangent. . 
i.e.) he ascertains the comparative magnitudes of the 
small side and fractional arc, aud the longitudinal value 
of the difference between them. How is that difference 
expressed? With what is the comparison madet Evi- 
dently with the diameter or radius of the circle circum- 
scribed by the polygon ; and is expressed in terms of that 
diameter or radius. 

Legendre then, in order to obtain the quantitive rela- 
tive magnitude of the complete polygon wJiich circum- 
scribes the circle, proceeds to multiply the quantitive 
contents of the one aide by the number of the sides. 
Now the result of such proceeding is not what he sup- 
poses it to be, for the one side is connected, by magni- 
tudinal relation, to the radius, in the units of which its 
quantitive value is expressed, and, consequently, by 
simply multiplying the side, he multiplies, together with 
it, the radius to which it is referred, and obtains, not a 
polygon of so many sides, but the one side of a polygon 
somanytimes greater. .».e., of a polygon which would 
circumscribe a circle of so many times greater magnitude. 
In other words ; the one side of the polygon is radially 
increased, but it remains the same small fraction of the 
circle which it was before ; and so if the multiplication 
were to be repeated an indefinite number of times, the 
relationship would remain the same ; if the small frac- 
tional arc subtended by the one aide in the first instance 
was the one-thousandth part of the circumference, so 
would the fractional arc subtended by the enlarged side 
be the one-thousandth part of the circumference, but the 
circle in the last case might be a thousand or a million 
times the magnitude of the first circle. 
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Legendre admits that the small fraction of the circle 
..say the one-thousandth part thereof, .contains a dif- 
ference between the two magnitudes representing re- 
spectively the fractional arc and the one side of the 
polygon. Is it not evident that a complete circle cir- 
cumscribed by a complete polygon must contain one 
thousand times that amount of difference ? Not, be it 
observed, one thousand times in reference to a radius 
one thousand times greater, because then the proportion 
would remain the same.. the entire compound magni- 
tude would be increased collectively, all the parts alike, 
and the quantitive ratio of each to the other would be un- 
altered, whereas what Legendre intends to do is to build 
np a complete polygon from the one side by the addi- 
tion to that one side of all the other sides without in- 
crease or alteration of the radius. Let us see in what 
manner this requires to be done. We will suppose the 
complete circumference of the circle to be six times 
greater than the radius, and the one small equal side of 
the polygon to be slightly greater than the six thousandth 
part of the circumference, -therefore very nearly equal 
to the one-thousandth part of the radius. And we will 
snppose the difference between the small side (tangent) 
and the fractional arc which it subtends, to equal the 
six-millionth part of the small side (tangent). By mul- 
tiplying the six-millionth by the six thousand we obtain 
the ratio of the difference contained by the complete 
circle between the circumference and the circumscribed 
polygon on the scale of the six-thousandth of the radius. 
That difference would be therefore equal to the one- 
thousandth part of the small side (tangent).* The scale 



* The small fractional arc is supposed to be divided into six thousand 
similar arcs. Now, to do this the original radius must be divided into six 
thousand parts, .then with one qf these divisional parts as a radius the 
complete circle is described, and the small polygon is circumscribed about 
it by dividing the small side (tangent) into six thousand equal parts, and 
taking one of the divisional parts for each side of the polygon. It is 
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has then to be mcreased to the magnitade of the original 
circle and its radius^ which will be done by multiplying 
the quantitive values of the small circle and its circum- 
scribed polygon, each by six thousand. The result will 
be the quantitive values of the (original) circle and of its 
circumscribed polygon, .the difference between which 
will be equal to the one-thousandth of that polygon 
(which polygon will contain six thousand sides). But 
by Legendre's mode of computing, the result would be 
a difierence of only the six-millionth psirt of the same 
polygon. 



evident that the former ratio of the difference, .to wit, the six millionth 
part of the small side (tangent) relatirely to the original radius, .most be, 
relatiyely to the rednced radios, increased proportioni^y to the reduction 
of the radios : most be increased therefore six thousand times. 
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Euclid^ 8 definition of a superficies^ a Une^ and a point. 



An ingenionB endeavour has been made by Dr. Simson 
(and others,) to give an intelligible explanation of the oom- 
ponnd dogma prefixed to Euclid's work, by means of the 
figure t)f a soHd oube or parallelopiped. The solid is sup- 
posed to be evenly divided by a section at right angles to its 
sides. It is then explained (argued) that the section is the 
superficies, and that the superficies cannot belong to either 
part of the solid, because if either one of the parts be removed 
the surface still remains with the other part; and hence it is 
inferred that the surface has no breadth ; Ac, &c., as follows : 

Br. Simson' B explanation, — " It is necessary to consider a 
solid, that is, a magnitude which has length, breadth and 
thickness, in order to understand aright the definitions of a 
point, line, and superficies ; for these all arise fV*om a solid, 
imd exist in it. The boundary, or boundaries, which con- 
tain a solid, are called superficies, or the boundary which is 
common to two solids which are contiguous, or which divides 
one solid into two contiguous parts, is called a superficies : 
thus, if BCGF. be one of the boundaries which contain the 
solid ABCDEFGH., or which is the common boundary of 
this solid and the solid BEJjCFNMQ., and is therefore in the 
one as well as the other solid, it is called a superficies, and 
has no thickness ; for if it have any, this thickness must 
either be apart of the thickness of the solid AQ., or the solid 
BM., or a part of the thickness of each of them. It cannot 
be a part of the thickness of the solid BM. ; because, if this 
solid be removed from the solid AQ., the superficies 
BGGF., the boundary of the solid AG., remains still the same 
as it was. Nor can it be apart of the thickness of the solid 
AG., because if this be removed from the solid BM., the 
superficies BCGL. the boundary of the solid BM., does never- 
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theleas remain ; therefore the superficies BCGF. has no thick- 
ness, but only length and breadth, 

" The boundary of a superficies ia called a line ; or a line 
is the common boundary of two superficies that are contigu- 
ous, or it is that which divides one superficies into iwo con- 
tiguous parts : thus, if BC.be 
one of the boundaries which 
contain the superficies AB 
OD., or which is the common 
boundary of this superficies 
and of the superficies KBCL. 
which is contiguous to it, this 
boundary BO. is oalied a line, 
and has no breadth ; for, if it -At^ 
have any, this must he part 

either of the breadth of the superficies ABOD, or of the 
superficies KBCL., or part of each of them. It is not part 
of the breadth of the superficies KBCL. ; for, if this super- 
ficies be removed from the auporflcios ABCD., the line BC, 
which is the boundary of the superficies ABCD., remains 
the same as it was. Nor can the breadth that BC. is sup- 
posed to have be a part of the breadth of the superficies 
ABCD. ; because, if this be removed from the superficies 
KBCL., the line BC, which is the boundary of the superficies 
KBCL., does nevertheless remain; Therefore the line BC. 
has no breadth; and, because the line BC. is a superficies, 
and that a superficies has no thickness, as was shewn ; there- 
fore a line has neither breadth nor thickness, but only length. 

" The boundary of a line is called a point, or a point is a 
common boundary or extremity of two lines that are con- 
tiguous : Thus, if B. be the extremity of the line AB. or the 
common extremity of the two lines AB., KB., this extremity 
is called a point, and has no length ; for if it have any, this 
length must either be part of the length of the line AB. or 
the line KB. It is not part of the length of KB. ; for, if the 
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line KB. be removed from AB. the point B. which is the 
extremity of the line AB., remains the same as it was ; nor is 
it part of the length of the line AB. ; for if AB. be removed 
from the line KB., the point B., which is the extremity of 
the line KB., does nevertheless remain : Therefore the point 
B. hi^ no length; and, becaase a point is in a line and a line 
has neither breadth, nor thickness, therefore a point has no 
length, breadth nor thickness. And in this manner the defi- 
nition of a point, line, and superficies are to be understood." * 
We object to this explanation ; that, .the boundary defined 
is a space outside the solid : for (1) the boundary which sur- 
rounds and contains a solid must be greater than and must 
be outside the solid which it contains, and (2) the boundary 
which separates and is common to the contiguous sides of 
two solids is a space — which space must contain more or 
less breadth according to the greater or less distance between 
the two solids (or two parts of the solid.) Let the distance 

between them be any definite small quantity of space the 

two contiguous solids (or parts of the solid), may be then 
removed to twice that distance, and the boundary which is 

common to both will have twice the amount of breadth 

or, the two solids may be brought nearer together and the 
distance between them lessened to the one-half, the boun- 
dary common to both will then have one-half the breadth it 
previously had, or the distance may be lessened to the one- 
millionth part and then will the breadth of the boundary be 
diminished to the one-millionth part of the breadth contained 
in the previous boundary, and so on. But now, if the two 
solids (or the two parts of a solid) are brought into absolute 

* But if the point which has no length is incladed in the line (which has 
no breadth or thickness) as a part of that line, it follows that the line itself 
has no length ; therefore, it has no existence either as a natural or ideal 
reality — there is no line. It is of no avail to call it an abstraction, because 
the answer is plain — there is no abstraction. The compound dogma, so 
soon as reasonably examined, resolves itself into an unreal chimera of the 
imagination, i.e.j into nothing. 
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proxinoity and united into one solid {or into a whole undi- 
vided solid,) the boundary common to the two solids and 
which IB outside each of the solids, and is apart of the 
boundary cootainingeach of the solids respectively, has dis- 
appeared, it is no longer between them for they ai-e united : 
evidently the boundary of the solid (or part) ABCDEFGH., 
if it be outside that solid must be now a part of the othdr solid 
(orpart)BKLCFNMG., and inversely the boundary of the last, 
if it be outside the last solid itself,must be a part of the first. 

The reasoning applies equally to the similarly related case 
of the line, in which the line BC. must be a breadth -contain- 
ing space between the two contiguous superficies and be 
common to both of them ; for if they be united, a boundary 
in the same sense is no longer existent; neither is it con- 
ceivable — for, to conceive such a boundary is to include the 
idea of separation wbtch necessitates the cognition of a space 
measured by the distance (anaount) of that separation. 
And it is evident that the sp;vce is the line so conceived or 
cognised. 

Similarly in regard to the point B. If the point be the 
extremity of the line AB., and be in the line . . then is it a 
part of the line AB., and if the line AB. be removed, then ia 
the point B. removed with it ; for, to assert the contraiy is 
to assort that the same one point B. can at the same time be 
in two or more different places, which is absurd. And again, 
if it be neither in the lino AB., nor in the line KB., then it 
cannot be the extremity of either line, in the sense of 
belonging to and ending the line, therefore it must be the 
space between the extremities of the lines and must contain 
magnitude (breadth) limited and measured by the distance 
which separates those extremities, (or a nainute and definite 
divisional part of that space may be taken to represent the 
line ; i.e., the line may be considered aa constitnled by the 
space, or aa contained in the space and constituted by a divi- 
sional part of the space.) 




ippkndix. 65 

The Arc-lkngth and Ultimate Sine. 

The process cf radially duplicating the bisected arc— The 
r^nlt of this process is to obtain the sine length belonging 
to the minute (ultimate) part of the arc which would r«nain 
after the process of bisection had been repeated a great num- 
ber of times — that is, repeated until the vanishing-point had 
heen almost arrived at. It is, therefore, strictly speaking, a 
method belonging to the same general process of which sev- 
eral methods are already known and practised, amongst them 
being that of Legendre which we have quoted and examined. 

The method which we are now about to explain has the 
advantage, we think, of exhibiting the facts from which the 
elements of the computation are derived, in a more simple, 
direct, and readily intelligible form ; and perhaps, also, in a 
more generally instructive and useful form. 

The method may be thus explained : — The half^uadrant 
(or any other definite fraction of a circle) being described 
with a given radius of definite length — (1) The chord of the 
arc is drawn. Through the terminal point of the arc, and at 
right angles to the chord, a line is drawn (of indefinite length,) 
which line is a part of the secant (or radius) belonging to half 
the arc radially duplicated in magnitude. (2) The arc is 
bisected and through the point of bisection, from the ex- 
tremity of the perpendicular radius, a line is drawn which 
intercepts the secant of the duplicated half-arc ; the line last 
drawn is therefore the chord of the 1st duplicated half- 
arc, and the point at which that line intercepts the secant 
is the terminal pointof the 1st half-are of duplicated mag- 
nitude : that is, if the radius of the primary arc were to be 
duplicated * and a half quadrant described therewith, the 
point thus found would necessarily bisect that half-quadrant. 

* Meaning the radius duplicated by doubHng the distanee of the 
centre with which the arc is described, from the point at the origina] 
extremity of the arc. (t.6. from the eztremity of the radius joining the 
tangent.) 
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(3.) In like manner, a line is drawn through the point thus 
found at right angles to its chord, which line is a part of the 
secant belonging to the second half-are (the half of the Ist 
duplicated half-arc) radially duplicated in magnitude. Now 
in order to draw the chord of the third daplicatod arc, with- 
out actually describing the second arc, the chord, or any 
part of the chord, of the second arc, may be taken as a 
radius and an arc described therewith intercepting the tan- 
gent of the primary arc ; the arc so described being bisected, 
the point of bisection would be necessarily a point in the line 
drawn from the extremity of the perpendicular radius 
through the point of bisection of the first duplicated half-arc 
(if the arc were to be described and the line to be drawn.) 
And the line being drawn from the extremity of the per- 
pendicular radius through the point thus found and pro- 
duced until it intercepts the secant last drawn, the point of 
interception will be the terminal point of the second half- 
arc radially quadrupled in magnitude, and the line join- 
ing that point with the extremity of the radius is the chord 
belonging to the second half-arc quadrupled. In like man- 
ner the process may be carried on so long as any space 
remains between the tangent of the primary arc and the 
terminal extremity of the arc last drawn. 

Fig. 18. This explanation may be made, perhaps, more 
readily appreciable by aid of the figure, which illustrates 
each step of the process just described ; thus. .(1) The chord 
B,m. of the arc B.m. is drawn. Through the terminal point m. 
of the arc, a line of indefinite length, perpendicular to the 
chord B.TTL, is drawn (of which line in the figure, m,n. is the 
extremity). (2) The arc B.m. is bisected in the point o : 
and through the point of bisection, from the extremity B., 
of the perpendicular radius A,B.^ a line is drawn which 
intercepts the line drawn through the point m. perpendicular 
to the chord B,n,, in the point n. The line terminating in 
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m,n. is a part of the radius belonging to the 1st duplicated 
half-arc, and the point n, shall be the terminal point of that 
arc : to wit, if the radius A,B, were to be doubled in length 
through the centre A,, and an octant J?.n.c. were to be des- 
cribed with that duplicated radius, the point n. would be 
the point of bisection of that octant. (3) In like manner 
a line (of indefinite length) is drawn through the point n. 
perpendicular to the chord B.o.n, of the 1st duplicated half- 
arc (of which line, in the figure, n,l is the extremity) 
is a part of the radius belonging to the 2nd duplicated 
half-arc* Now, if we take jS. as a centre, and the chord 
B,o,n.y or any part of B,o,n, as a radius and describe an arc 
terminated by interception of the tragential line B.T., and 
bisect the arc so described, .that point of bisection will 
necessarily be a point in the chord B.p.L of the 2nd duplicated 
half-arc, and if a line be drawn from B. through that point of 
bisection, that line will be the chord B,p,L and will intercept 
the line drawn through the point n. perpendicular to the 
chord B.o.n.j in the point L Also the line B,p,L so drawn 
through the point of bisection of the (vertical) arc shall 
bisect the first duplicated half-arc in the point p. 

In like manner the process may be carried on until the 
chord of the arc last drawn almost coincides with the 
tangential line B. T,y and the arc itself is (so to speak) pro- 
jected upon that line, and which last arc represents a small 
fraction of the arc B.M, increased radially to the magnitude 
of the entire arc B,M, 

The foregoing is a brief explanation of the general method 
which, however, admits of several variations by means of 
which the construction may be made to more completely 
exhibit and illustrate the application of the method to the 



• Evidently the 2nd duplicated half-arc B.p,l. is eqniyalent to the 2nd 
bisection of the original octant B.m, ; i.e,^ it is equivalent to the one-fourth 
part of the arc B.m.^ radially quadrupled in magnitude. 
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purpose of measuring and investigating the lines pertainix)^ 
to the successive arcs. Fig. 20, for example, in addition to 
the preceding explanation, which is illustrated therein, shows 
a convenient method of obtaining the terminal parts of 
the radii belonging to the successive arcs respectively. 

In order to make the reliability and computative value of 
the method distinctly apparent, we will now, taking the 
radius equal to 10, and commencing with the half-quadrant, 
carry the computation through eight successive bisections, 
and radial duplications, and then compare the results with 
those obtained by Legendre from the process of inscribing 
and circumscribing polygons. 

{Note. The square root of ' the square of the radius less 
the square of the sine* deducted from the radius, gives the 
versed sine.) 

The square of the sine together with the square of the 

versed sine give the square of the chord. 

C C 

The chord of (the half quadrant)-3-equals the sine of ^r^ 

duplicated ; and so on.) 
Badius=10. 



The half. 



C 



quadrant V -^ 
E=10 



Sine 

V.S. 



7-071068* - 50-000000 
2-92893' - 8-578631 



Chord 7-653667« 



58-578631 



1st Bisectn. 
E = 20 

2nd Bisectn 
£«40 

3rd Bisectn 
E-80 



}5 

J 32 

\ - 

J 64 



Sine 7-653667* 
V.S. 1-52241' 

Chord 7-803612* 



Sine 

V.S. 

Chord 

rSine 

Y..S. 



7-803612* 

-76859* 

7-84137* 

7-84137* 
•38522* 



Chord 7-850827* 



58-578631 

2-317732 

60 • 896363 

60-896363 
•590745 

61-487108 

61-487108 
. 148394 

61-635502 
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4th Bisectn. 
B»160 

6th Bisectn. 
Br. 320 

Wti Bisectn. 



C 
128 



Sine 7-850827* 
V.S. •19271* 

Chord 7-85319* 



^ ( Sine 

^ Iv.s. 



7 -8531 9* 
.0964" 



} 



256 



a 



t Chord 7-85379^ 



Sine 

V.S. 



7- 85379* 
• 0482* 



61-635502 
•037249 

61-672761 

61-672751 
•009293 

61*682044 

61-682044 
•0023232 



B = 640J 512 

7th Bisectn. 

B»1280j 1024 



Chord 7^85393* « 61-6843672 



Sine 
V.S. 



7-85393« 
-0241* 



Chord r-85396> 



Sdi Bisectn. 



R = 2560l 2048 



} 



G 



rSine 
V.S.. 



7-85396' 



61-6843672 
- 0005808 

61 • 6849480 
61^6849480 



1 



Chord 



To compare Legendre's 
method of inscribing and 
he takes the whole circle 
flgures mnst be multiplied 

The inscribed polygon of Le- 
gendre's method ; multiplying the 
Qgures by 10, and dividine by 4, 
to compare with the half quad- 
rant and with Radius^lO. 



computation * according to the 
circumscribing polygons : since 
and the diameter as unity, his 
by 10 and divided by 4. 

The bisected arc duplicated. The 
sine lengths belong to the Bucce»- 
siye arcs of bisection when in- 
creased in magnitude to equal 
the half quadrant. 



The nnmber t«,- i««**ii. 
of Bidet. ^^^ lengths. 


The lengths. 


The fractional parts 
of the circle. 


8 


- 7-071068 


7.071067 


The 8th part 


16 


- 7-653668 


7-653667 


16th « 


32 


- 7-803613 


7-803612 


32nd " 


64 


« 7-841371 


7-841371 


64th " 


128 


- 7-850828 


T- 850827 


128th " 


256 


- 7-853193 


7-85319 


256th " 


512 


- 7-853786 


7-85379 


512th « 


1024 


- 7-853932 


7-85393 


1024th *' 


2048 


- 7-853969 


7-86396 


2048th « 



The tabulated figures of Legendre's computation will be found at page 41. 
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It is sufficiently evident that the two methods of computa- . 
tion are precisely equivalent in their results. To correctly 
appreciate the true relationship and significance of that re- 
sult it is necessary to particularly note that the radius of each 
successive arc is of increased magnitude ; in such wise that 
the seventh arc, resulting from the process, is comparable 
with its radius which equals 1280 ; whereas the primary arc 
is comparable with its radius which equals 10. Therefore 
although the seventh arc is the same as the one hundred and 
twenty-eighth part of the primary arc radially increased 128 
times, (and may be considered as equivalent to the primary 
arc from which the greater part of its curvature has been 
eliminated,) yet relatively to the radius and therefore re- 
latively to the half-quadrant, the seventh arc is the l.i8th 
part of that primary arc divided off therefrom by repeated 
bisection, and, relatively to the tangential straight line, dis- 
similar from the primary arc in form. It now clearly ap- 
pears, although the sum of the ultimate sines contained in 
the seventh arc, approximates to the length of that arc, that 
since 128 of thesefractional arcs must be combined in order 
to produce the half-quadrant, the difference between the 
sum of the ultimate sines contained in the seventh arc and 
the arc-length of the seventh arc, whatever that difference 
may be, is subject to multiplication by 128, in order to obtain 
the difference represented by the ratio of that ultimate sine- 
length when increased by 128 magnitudes, to the arcJength 
of the half-quadrant. 

A practical advantage in this method over that of 
Legendre and others for the purpose of quantitive inves- 
tigation is that the one continued computation deter- 
mines the sine-lengths belonging to each of the successive 
arcs. The arcs are all equal in length each to each, and as 
the curvature is eliminated from the arc by the successive 
bisections and duplications of magnitude, the ratio of the 
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sine length to the arc-length of the arc continnall j approaches 
equality, (i.e. nntil the ultimate limit at the vanishing 
point of the circle is reached.) Much facility in carrying 
on the computation arises from the fact, which an examina- 
tion of the figure will make apparent, that the chord of the 
one arc is the sine of the arc next succeeding ; for example, 
the chord of the primary arc of 45 degrees is the sine of 
the duplicated arc of 22J degi'ces. The chord of the arc of 
22 J degrees is the sine of the duplicated arc of llj degrees, 
and so on. Hence it is to be also observed that the square of 
the chord length, by means of which the quantitive value 
of the versed sine to each successive arc is obtained, is con- 
tinually furnished by the computation itself. 

Figs. 22, 27, 28, 29, 30. (Part Third) may be referred to 
as illustrations of the process. Fig. 22 especially illus- 
trates a modification of the process by which, without 
describing the primary octant or the successive arcs, the 
ultimate sine-length increased to the correspondent magni- 
tude of the primary octant may be drawn and the arc- 
length of the octant may be cut off wiih a very close 
approximation to absolute accuracy, from a given straight 
line of indefinite length.* Figs. (1 and 2) 20 K also illus- 
trate this process. 

• Taking the radios of the primary octaat ag unity (t.«., A^., the 
radius, = 1) the quantity of length so cut ofif will equal '785397.... The 
quantity -which has been erroneously supposed to represent the are-lengtb 
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PREFACE TO PART THIRD. 

In the Appendix to this part we have carried further 
and concluded the definition of the circle as a complete 
curvilinear boundary enclosing space. We have finally- 
defined the boundary by exhibiting the relations of the 
three circles, vijs;., the circle of the ultimate sine ; the 
circle proper {ie,, the true circumference of the circle) ; 
and the circle of the ultimate tangent. Thus showing 
not only that the perimeter of the circle as ordinarily 
considered is a breadth-containing boundary, but also the 
actual quantitive relation of that breadth to the length of 
the radius, whatever the magnitude of the circle may be. 

The explanation may be summed up in this wise. If 
the circle proper be rolled upon the interior surface of 
the circle of the tangent, the circumference, i.e., the 
outer surface of the former, will equal (coincide with) the 
interior surface of the latter. And the perimeter of the 
circle itself may be considered to have a breadth of which 
themeasurement is 0*000 17555. . .takingthe diameter as 
equalling 1. This breadth deducted from 0*5 gives the 
radius of the circle of the ultimate sine, which circle 
represents the inner surface of the perimeter of the true 
circle and measures 3-1415920 wiiereas the circumfer- 
ence of the circle itself measures 3'142G9G4 . . and the 
outer surface of the circle of the ultimate tangent mea- 
sures 3* 1438002... 



INDEX 



PART THIBD. 

The Elements of the Circle. 

The Ultimate Sine and arc of increasing curvature 9 

The Theory ofCurvaiure^ 
The Arc of Increasing Curvature 12 

The Tangential LineB. D 12 

Theorem (Fig. 24) The Octuple Arc 14 

Prop. G— Problem 15 

Theorem (Fig. 25) The versednsine and Arc-length.... 16 

The Ultimate Tangent 17 

Truth and Certainty. Theology and Science 
Conclusion 25 

APPSNDIX. 

Demonstration to the theory of Curvature 30 

The Complementary arc, and arc of increasing curvature 23 

Legendre's polygons, and the inner and outer circles ) oc 
of the perimeter j 



INDEX TO PLATES. 

Pabt Third. 

Plate 13. 1 Fig. 20 (R). Radial duplication of 

the bisected arc. 

" 14. 2 Fig. 20 (R) Analytical Examination of the arc 

of increasing curvature. 

The Arc of the arc-length ; the 
Complementary Arc; and the arc of 
increasing curvature. • 

17. Fig. 23. The Tangential line B. />. 

" 18. Fig. 24. The relation of the Octuple Arc. 

The relation of the versed-sine to the 
arc-length and of the octant. 

^^ ' _!°' ^^ \ Decurvature of the semi-circle. 

Resolution of the complete circle into 



tt 

u 



ci 



u 




19. Fig. 25. 1 

I. Fig. 27. ( 

21. Fig. 28.1 

«^ «. «*^ ( nesoiuuon oi xne co] 

22. Fig. 29 J . X . 1.x .. 
° ( two straight lines. 

*' 23. Fig. 30. Analysis and synthesis of the Circle. 



FIG. <3 7. R. 




The Cvff^ii fif'f of decuiT'if/fire 



THE CIRCLE AND STRAIGHT LINE- 



< Prore all things ; hold fast that which is ffoodJ 

St, Paul, 

PART THIRD. 

Elements of the Circle. 

The VUimate-Sine, and the arc of increasing curvature. — 
If a number of intermediate arcs be described with a 
proportionally increased radius, between M. and w., 
between n. and o., between o. and p., &c., &c., respec- 
tively, it is evident that a continuous curved line drawn 
through the terminal points of all those arcs, will form 
a compounded arc of a peculiar character and which 
from its forming a connection as it were between the 
arc-length of the half-quadrant and the ultimate sine — i.e. 
the sine of the ultimate fraction of the half-quadrant — 
possesses much interest. We wiU here briefly indicate 
one mode in which the change in longitudinal magnitude 
in consequence of the elimination of curvature, as the 
fractional arc is diminished by successive bisections, may 
be investigated. 

Theory of Curvature. 

Taking the radius equal to 10. The length of the half- 
quadrant equals the sine-length increased by addition of 
^ the sine-length divided by the units of radius less one.' 



8 R-1 

We thus obtain the magnitudinal length of the arc 
in units of radius. Now if this arc (half quadrant) be 
bisected and the longitudinal magnitude of the remain- 
ing arc be duplicated^ the half-quadrant is not reproduced 
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but an arc is obtained into which one-half the curvature of 
the half-quadrant does not enter and in which the other 
half of the curvature belonging to the half-quadrant is 
divided over twice the quantity of linear extension.* The 
second arc therefore, although it is a magnitudinal dupli- 
cation of the one-half of the first arc, is a lesser longitu- 
dinal magnitude than the first arc, because the magnitu- 
dinal duplication which has restored the direct linear 
extension has not replaced the curvature. 

The process may be thus conducted : — 

C. 

^ The arc-length equals the sine-length increased by 

addition of the sine divided by. .the units in the radius 
less one. 

C. 

-^The arc-length equals the sine-length increased by 

addition of the sine divided by. .the units in the (dupli- 
cated) radius less one, multiplied by two. 

C. 

— The arc length equals the sine-length increased by 

addition of the sine divided by. .the units in the (dupli- 
cated) radius less one, multiplied by two, multiplied by 
four. 

C. 

~ The arc-length equals the sine-length incteased by 

addition of the sine divided by . . the units in the (duplicat- 
ed) radius less one, multiplied by two, multiplied by four, 
multiplied by four. And so on, proceeding in like manner. 

fist arc ( i?-l) 

fTk • I 2 do (2 i?-l) X 2 

The successive o a ^o d i \ n ^ a 
divisors will 3 do (||-1)X|X4 

be therefore * ^J fa ^I^) x 1 x t xl X 4 

{6 do (2 i2-l)X 2 X 4x4 x4x4 

* If the half-quadrant, instead of bisected, were to be partially straightr 
ened into the same form as the half-arc, it would exceed in length 
the duplicated half-arc by the difference of the curvature, (i. e.) the 
difference between the curvature in the half quadrant and in the arc of 
221^ degrees.) 
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Taking the successive sine-lengths from the table given at 
page 54, Part Second, we obtain : — 

E A B C D 




"> r" 



7-07107 
7-65366 
7-80361 
7-84137 
7-85082 
7-85319 
7-85379 
7-85393 
7-85396 



+ -785674 

+ -201413 

+ -051339 

+ -012867 

+ -0032281 

+ -0008073 

+ -0002018 

+ -0000504 

+ -0000126 



7-856744 
7-855080 
7-854951 
7-854597 
7-854055 
7-853997 
7-853991 
7-853984 
7-853978 



1 R- 

4 /?- 

16 R^ 

64 R- 

256 72— 

1024 R~ 

4096 R- 

16384 R- 

65536 R- 



1 

2 

8 
3^ 

128 
512 

2048 

8192 

32768 



In this table, the divisors in the first column E, result 
from the last column D. Under A- are the sine-lengths. 
Under B. are the quotients of the division of the sine- 
lengths by the numbers under E^ which quotients added 
to the sine-lengths give the arc-lengths in column C- 

It becomes evident that, by continuing the table, the 
quantities in column J5., which represent the curvature, 
would become continually less, and the quantities under 
A. and (7. would approximate more closely. In reference 
to column B. it may be observed that the third quotient 
is rather greater than the fourth part of the 2nd, that 
the 4th is a little more than the fourth part of the 3rd, 
the 5th a very little more than the fourth part of the 
4th and that, of the remaining quotients, each is the fourth 
part of that preceding it, so far as the figures are carried 5 
a greater number of decimals would show each of the suc- 
cessive lesser quantities to slightly exceed the one-fourth 
of the quantity preceding it, but the approximation to 
the one-fourth becoming continually closer as the process 
is carried further. To appreciate the meaning of this it 
is necessary to remember that the chord of each arc, 
which chord equals the sine of the next succeeding arc, 
is the square root of the square of the versed sine added 
to the square of the sine ] and that the versed sine be- 
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longing to each arc ia always greater than the one-half of 
that belonging to the arc preceding it; but aa the ter- 
minal radius approaches the perpendicular (i.e., as the 
curvature becomes more nearly eliminated), the versed 
sine of each arc approximates more and more closely to 
the one-half of that belonging to the arc preceding it. 

The procesa thus suggested ia put forward as worthy of 
attentive consideration, and for the purpose of illustrating 
the subject; but we wish it to be particularly observed that 
(for the present) it stands by itself, nothing else is based 
upon it ; it is not put forward as a demonstration, nor can 
we (at present) vouch for the correctness of the procesa 
or for the accuracy of tlie figures. See Appendix. 

The arc of ikcbeasino curvature — This arc is dis- 
tinguished from the arc of the arc-length (that is from 
an arc described with the length of the arc as a radius), 
illustrated in Figs. 21 and 22. In Fig. 21, X.j£. 
represents the arc described with the arc-length for a 
radius, iS. n. o. p. the arc of increasing curvature. 
Id Fig. 22, the relation of the same two arcs to the 
construction of the circle is illustrated on a larger scale. 

(^Note. — See Appendix, and with these Figures compare 
Figs. 20 and 25.) 

The TANGENTIAL LINE B.D. — 
(Fig. 23 is a development of Fig. 12.) 
Fig 23. Bisect the radins A.£. in a., and with centre 
a., and radius a.B. describe the quadrant B.K.\ 
bisect the quadrant in m. and bisect the half-quadrant 
B.m- in 'b. ; through n. draw a.n. intercepting the line 
B.D. at M. Bisect also CD, in ft., and with radius h.B. 
describe the quadrant D.K.; bisect DK. in M. and bisect 
the half quadrant D.M. in 'N.; through 'iV. draw b.]!i. 
intercepting the line 6. Z). at N. And bisect the arc B.S- 
in "p., and through p draw A.p. With centre C. and 
radius CD. describe A.D. bisected by the line H.T. in Z., 
bisect D.Z. in 'P and through 'P draw CF. intercepting 
B.D. at P. 
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We now have a division of the definite line B.D, into 
certain known quantitive magnitudes. Because jB.w. is 
the tangent of the arc jB/»., and B.p» is the tangent of the 
similar greater arc B.'p. which is twice the magnitude 
of B.n.y Bp. is twice the length of JSw., and n.p. is 
equal to 5.w. At the opposite extremity the similar 
points B.N, and B,P. are similarly related, and N.P. is 
equal to B.N^ which is equal to JS.n. 
Also because J5. q* is (equivalent to^ the sine of B.m.y 
B*q. is the half of J5. W. which is (equivalent to) the 
sine of the similar greater arc B.S- 
Taking the radius A.B. = 10, the numerical values will 
be: — 

B.K.= 500000 = B.K. 

B.n. = 2-07107 = B.N = n,p. 

B.p. = 4-14214 = B.P. 

Bq. = 707107 -f- 2 = 3.535535 = J?. $. 

PK.^ 5-4142136 = 857864. ^p.K. 

B.N. = 10-2071068 = 792893^ SBn-h 2 p,K. 

Having in mind the relative magnitudes of the primary 
lines determined by trigonometry, these values present 
themselves at once as evident ; we may then obtain, from 
and by means of these, the quantitive values of other 
lines, and may also, thus quantitively, determine the 
geometrical (magnitudinal) relation of other lines ; that 
is to say — the inductive reasoning, by means of which 
further knowledge of the relation of the parts of the 
circle to each other is to be obtained, may be based upon 
the facts belonging to the science of 'Number and Quan- 
tity^ in place of those belonging to ' Form and Magnitude/ 
For example : 

Because Bn. = 2-07107, 1).K= 5, and B,W. = 7-07107 
Therefore K.n. = W.D. = S.W. = S.T. = K.N. = 2-92893 

And, 2-92893 x 707107 = 20-7107 

Therefore, S.W. x B.W. ^ B.n. x B.D That is— 

the versed sine x the sine of the half-quadrant = the tan- 
gent to the arc of ll4°x the tangent to the half-quadrant. 
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Because K.p. = B.K. - B.p. = (5-4-142146) = •857864 

therefore K.p. x 10 = 10 Kp. = (^.n.)* = 2-92893*= 8-57864 

= (S.T.y = S.W.y = (Pp. X 5). 

And P-i?. = 2 -K'i). = 1-71572 

But the square of 4142136 = 171572. 

Therefore Pp. x 10=(S.2).)'=(J?.i).)*= (^J^)', &c., (fee 
J?.P.=J?.-K:. + -K:.P.=5 -857864=2 W.D.^2K.n. 
Now the tangent to the half of the bisected half- 
quadrant dupHcated, =8*28428 = 2 B.p. = 2 D.P. And 
(2J5.i). - 5. TT.) = (Z^.n. -2 K.p.) = (8*28428 -7-07107) = 
(2*92893-1*71572) = 1*21321, &c., &c. 

A fact of a primary character, which has not, we 
believe, been as yet applied in the art of computation, or 
otherwise utilized, is exhibited in the following : — 

Theorem. — If the quadrant of a circle be bisected and 
the secant to the half-quadrant be drawn through the 
point of bisection ; and if the radius be produced through 
the centre of the circle and the produced radius be made 
twice the length of the original radius — ^that is, equal to 
the diameter of the circle — ^and a line be drawn joining 
the extremity of the produced radius and the extremity 
of the tangent ; then shall the sine of the arc cut off from 
the quadrant by the line so drawn have to the tangent of 
the half-quadrant the ratio of four io five. 

Fig. 24. With centre A. and radius A,B. describe the 
quadrant B.C., and bisect B.O, in the point S. Draw 
the tangent B.D. and secant A.D. Join D.C and A.Q. 
Produce the radius A.B- through A> and make E,B. the 
production of A.B. double the length of A.B. Join jB.2>. 
intersecting the quadrant at K, and bisecting the line 
A.O. at g. Bisect the line O.B, in the point d, and 
join B.d. intersecting the quadrant at the same point K. 
From K. draw K. Q. perpendicular to B-D- and intercept- 
ing B.D. at Q. From Q, draw Q.H. parallel to A.I), and 
intercepting A.B. at the point H, From H. draw H,P. 
parallel to A. C and equal in length to B.Q. Join P.K. 
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Because E.B, is twice the length of B, D., and B.D. 
twice the length of d.Z), the triangle B.d.D. is similar to 
the triangle ED.B. But the angles B.B.d- and E.BD. 
are both of them right angles, therefore the line B.d. is 
at right angles to the line E.I). Now since H.Q, is 
parallel to A.D, and jff.P. is parallel to A. 0. the triangle 
H-P.Q'y i^ similar to the triangle A* C 2>. And since the 
line B'd bisects (7.2)., the same line B.d, also bisects the 
line P,Q. in the point of intersection K. The line B.K, 
(part of JB.d.) has been shown to be at right angles to the 
line K.D. (part of JEJ.2>.) therefore the triangle K.D,QA% 
similar to the triangle JB.Z",^., andJK.^Q. is the half of 
P.Q. AndP.^. is (by the construction,) equal to JB.Q. 
therefore P.Q- is equal to twice JS'.Q., and K Q- is equal 
to twice D. Q. ; therefore the line B,Q, has the same ratio 
to the whole line B.D, as 4 : 5. Draw K,e. the sine of 
the arc B-K. K-e is manifestly equal to J?. Q, 

Corollary. — Hence if an octant be described with the 
radius H.B., the tangent of that octant shall equal the 

sine of the arc B.K. (And radius A,B, is to radius H.B, : : 5 : 4.) 

Prop. G, — Problem, — Upon a given straight line it is 
required to describe an arc containing 45 degrees, such 
that if the tangent of the arc be divided into five equal 
parts, four of those parts shall be together equal to the 
given straight line. 

Fig. 24. — Let JB.Q. be the given straight line, it is 
required to describe the arc upon B,Q. From the 
point Q,j perpendicular to B-Q, draw ^.P, equal 
in length to B-Q- ; and from J?., perpendicular to BQ.y 
draw B.H.y also equal to JB.Q. Join H.Q, Bisect P^., 
in the point K, and join B,K. Produce 5.^. through Q, 
and produce B,H, through H. (Through JT., at right 
angles to B,K. draw K.D. intercepting the production 
of 5. Q,y at D. From D. parallel to Q.H.* draw B.Ay 
intercepting the production ofB,H, at A, With centre A.^ 

* Or, join B.l^.^ and from />. at right angles to B.P, draw jD.A, 
intercepting the production of B,H. at A. 
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and radius A»B.y describe the quadrant B-S-C-^ intersec- 
ting D.A. in the point S- B,S. shall be the required arc. 
The demonstration to this solution is substantially 
contained in the demonstration to the theorem.) 

Bisect K.Q, and, through/ the point of bisection, draw 
2>.A., parallel to Q-H. intercepting the production of 
B,Q* at 2)., and intercepting the production of B.H. at 
A. With centre A, and radius A.B. describe the 
quadrant B.S.C. bisected by the line D.A> in the point 
S, jB.aS. shall be the required arc* 

Because D.Q-f. is a right angle and / bisects Jf^.^. 
Q.D. is equal to the one half of K. Q, But K- bisects 
P.^., and F.Q' equals B.Q.^ therefore Q,D. is equal to 
the one fourth part of B.Q. Wherefore if B-D., the 
tangent of the arc J5.*S., be divided into five equal parts, 
four of those equal parts, shall together contain the given 
straight line. Q.E.D. 

It vvrill be convenient to give here the quantitive 
demonstration of the decimal relationship of the versed 
sine to the arc-length of the octant. The fact was promi- 
nently exhibited at the commencement of Part Second 
as a special theorem, which we now repeat : — 

Theorem. — That if the radius of the half-quadrant be 
produced through the centre of the circle until it become 
equal to the versed sine (of the half-quadrant) multiplied 
by ten, and with this radius an arc be described terminated 
by a line drawn from the centre of the greater circle — 
i.c., from the point at the (central) extremity of the 
radius — ^through the point at the extremity of the half- 
quadrant, the tangent to the arc last described (of greater 
magnitude), cut ofi* by the line so drawn from the tangent 
of the half-quadrant, will be equal to the arc-length of 
the half-quadrant. 

•Note.— We have subsequently termed this arc for distinction, the 
octuple arc. Its elements and the importance of its relations to other 
factors of the circle will be particularly considered in Part Fourth, 
(which see). 
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Fig. 25. — Let B.S. be the half-quadrant of which 
A.B. is the radius; produce A.B. through A. and make 
R.B. equal to ten times S.W. From R. through S. 
draw R.X. intersecting B.D. in the point X B,X. 
shall be equal to the arc B.S,^ 

Demonstration. (Quantitive). The length of the sine aS-JV^., 
the arc-length of B.S.j the length of the radius R.B,y 
and of the versed sine S, W.j are known ; 
we have to obtain the length of B-X. 

The radius, A.B. =10. 
" V. sine, S.W. =2-92893. 
" radius, R.B. =10 5. Tr= 29-2893. 

E.N.=E.B, 'S.W = (29-2893-2-92893) = 26-3603. 

Now the lesser triangle S.W.X. is similar to the greater 
triangle BN.S- 

Therefore TTX: N.8. :: S.W: R^N. 

W.X. : 7-07107 : : 2-92893 : 26-3603. 
WX. = -78567 But N.S. + W.3£. = B.X. 
Therefore, 7-07107 + -78567 = 7-85674. 

And B.S. the arc-length also equals 7-85674. 
Wherefore the tangent B.X.j of the arc of greater mag- 
nitude is equal to the arc length of the half-quad- 
rant B.S. (Q.E.D.) 

Corollary. Hence manifestly W.X. equals the difier- 
ence of the sine and arc-length of the half-quadrant. 

The ZnUmate tangent. — We have objected to Legendre^s 
circumscribed polygon— which eventually almost coincides 
with the sine — that it cannot be a simple continuous figure 
but must be fragmentary and compound ; and we based 
this conclusion primarily and directly on the manifest 
necessity that a circumscribed polygon if continuous must 
be greater than the circle which it surrounds. We propose 
now to show that Legendre^s circumscribed polygon is 
in fact compounded of the minute ultimate tangents 

* Or : — From X, through 5, drawXF.i?., intercepting the 
production of B.A.f at i?. KB. shall be ten times the 
length of S. TT, 
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separate from each other but arranged together in the 
form of a polygon. To show this we will first consider 
the question whether the tangent to an arc, if that arc be 
an indefinitely small fraction of the circle, is necessarily 
greater than the arc itself It is established that the 
tangent is always greater than the arc by the evidence 
of trigonometry, thus : — ^Let A.B. be the arc, and A.d. 



Fig. 3. 




the tangent. The arc is bisected ; and from the point e, 
e,B. is drawn perpendicular to M.B.j intercepting R.B. 
at B- Now the triangle d.e.B. is similar to the triangle 
d.R.A.j and the side d.e. is greater than the side B.e. of 
the lesser triangle, in the same ratio that the side d.R^ is 
greater than the side A.R. of the greater triangle. Since 
evidently so long as it is possible to assign any quantity 
of magnitude to the remaining arc, it is possible to 
imagine the same process to be performed, it necessarily 
follows that, however small a fraction of the circle an 
arc may be, so long as there be an arc, the same reason- 
ing demonstrates the least tangent belonging thereto to 
be greater than the arc, because it is thereby shown that 
the outer tangent (as A.d.) is greater than the two 
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interior tangents (as A,e. and e.JB.) taken together; 
and it is quite manifest that the two interior tangents 
taken together are always greater than the arc. 

Now Legendre does not deny, but indeed distinctly 
admits, that the tangent must be always a greater longi- 
tudinal magnitude than the fractional arc which it sub- 
tends, however far the reduction of the arc by bi-sectional 
division may be carried ; but he argues that when the 
remaining section of the arc becomes extremely small 
the curvature is almost eliminated and the remainder of 
the tangent (or small side of the polygon) virtually (i. e. 
very nearly) coincides longitudinally with the remainder 
of the arc. 

The fallacy in the application made by Legendre of 
the process adopted by him, may be said to consist in, 
or to arise from, the want of a complete apprehension as 
to the distinction between relative and absolute quanti- 
tive magnitude. All quantitve magnitude expressed as 
measurement is relative, and it is the expression of the 
ratio of one magnitude to another magnitude, which last 
is taken or given as the standard of comparison. 

The object of Legendre's investigation is to ascertain 
the quantitive relation of the circumference of the circle 
to the diameter, expressed in units or standard increments 
of the diameter, or, which is equivalent, the relation of 
the octant to the radius expressed in units of radius. 
Legendre, increasing the number of sides of the circum- 
scribed polygon by bi-sectional duplication, finally obtains 
a polygon of which one of the very small sides only very 
slightly exceeds in length the fractional arc which it 
subtends. He then measures the arc* and the tangent. . 
i.e., he ascertains the comparative magnitudes of the 
small side and fractional arc, and the longitudinal value 
of the difference between them. How is that difference 
expressed ? With what is the comparison made? Evi- 

* Strictly speaking he measures the sine and the tangent, and infers the 
eomparatiye magnitude of the arc which is between them. 
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dently with the diameter or radius of the circle circum- 
scribed by the polygon ; and is expressed in terms of that 
diameter or radius. 

Legendre then, in order to obtain the quantitive rela- 
tive magnitude of the complete polygon which circum- 
scribes tlie circle, proceeds to multiply the quantitive 
contents of the one side by the number of the sides. 
Now the result of such proceeding is not what he sup- 
poses it to be, for the one side is connected, by magni- 
tudinal relation, to the radius, in the units of which its 
quantitive value is expressed, and, consequently, by 
simply multiplying the side, he multiplies, together with 
it, the radius to which it is referred, and obtains, not a 
polygon of so many sides, but the one side of a polygon 
so many times greater, .i.e., of a polygon which would 
circumscribe a circle of so many times greater magnitude. 
In other words ; the one side of the polygon is radially 
increased, but it remains the same small fraction of the 
circle which it was before ; and so if the multiplication 
were to be repeated an indefinite number of times, the 
relationship would remain the same ; if the small frac- 
tional arc subtended by the one side in the first instance 
was the one-thousandth part of the circumference, so 
would the fractional arc subtended by the enlarged side 
be the one-thousandth part of the circumference, but the 
circle in the last case might be a thousand or a million 
times the magnitude of the first circle. 

Legendre admits that the small fraction of the circle 
..say the one-thousandth part thereof- .contains a dif- 
ference between the two magnitudes representing re- 
spectively the fractional arc and the one side of the 
polygon. Is it not evident that a complete circle cir- 
cumscribed by a complete polygon must contain one 
thousand times that amount of difference ? Not, be it 
observed, one thousand times in reference to a radius 
one thousand times greater, because then the proportion 
would remain the same.. the entire compound magni- 
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tude would be increased collectively, all the parts alike, 
and the quantitive ratio of each to the other would be un- 
altered, whereas what Legendre intends to do is to build 
up a complete polygon from the one side by the addi- 
tion to that one side of all the other sides without in- 
crease or alteration of the radius. Let us see in what 
manner this requires to be done. We will suppose the 
complete circumference of the circle to be six times 
greater than the radius, and the one small equal side of 
the polygon to be slightly greater than the six thousandth 
part of the circumference. -therefore very nearly equal 
to the one-thousandth part of the radius. And we will 
snppose the difference between the small side (tangent) 
and the fractional arc which it subtends, to equal the 
six-millionth part of the small side (tangent). By mul- 
tiplying the six-millionth by the six thousand we obtain 
the ratio of the difference contained by the complete 
circle between the circumference and the circumscribed 
polygon on the scale of the one-thousandth of the radius. 
That difference would be therefore equal to the one- 
thousandth part of the small side (tangent).* The scale 
has then to be increased to the magnitude of the original 
circle and its radius, which will be done by multiplying 
the quantitive values of the small circle and its circum- 
scribed polygon, each by six thousand. The result will 
be the quantitive values of the (original) circle and of its 
circumscribed polygon, .the difference between which 
will be equal to the one-thousandth of that polygon 

• The small fractional arc is supposed to be divided into six thousand 
similar arcs. Now, to do this tbe original radius must be divided into six 
thousand parts, .then with one of these divisional parCs cs a radius the 
complete circle is described, and toe small polygon is circumscribed about 
it by dividing the small side (tangent) into six thousand equal parts, and 
taking one of tbe divisional pariS for each side of the polygon. It is 
evident that Ihe former ratio of tbe differeace. .to wit, the sii millionth 
part of the small side (tangent) relatiirely to tbe original radius, .must be, 
relaUvely to tbe reduced radius, increased proportionally to the reduction 
of the radius : must be increased therefore six thousand times. 
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(which polygon will coutain six thousand sides). But 
by Legendre's mode of computing, the result would be 
a difference of oidy the aix-milliooth part of the same 
polygon. 

Let D.E.A.F.B. (Fig. n) be four equal divisional parts 
of the half-quadrant D.B. Fig. b. represents one of 
those equal divisional pails on a larger scale, the straight 
line being equal to A.e. Now if we apply four straight 
lines each equal to A.e. as tangents to the divisions of 
the half-quadrant, as shown in Fig. a. it is evident that 
they cannot meet each other at the extremities which are 
not in contact with the circle. If they iiad sufficient 
length to meet each other, angles would be formed at the 
points E, and F., but, the length being insufficient, spaces 
are loft at those points. Supposing the tour lines to be 
again divided by bisection, and the eight half-lines to be 
arranged as tangents to the circle, there will be four 
spaces instead of two where the extremities of the 
will not quite meet each other, but they will be 
much more nearly in contact than before. If the lines 
be in like manner repeatedly divided, there will be 

intually obtained a fragmentary polygon, formed by 
the ultimate tangents which will then be very nearly in 
contact. Let us uow suppose that the lines were at first 
a very little longer than A.e. so that the ultimate divi- 
sional parts have sufficient length to become actually in 
contact j the extremities of each with the extremities of 
those next thereto. What are the conditions of that con- 
tact T If we accepted the dogma of Euclid, we should 
have to consider the contact as complete and the polygon 
as a simple figure, and to accept the sum of the ultimate 
tangent-lengths as the length of the circumscribed poly- 
gon, but we reject the dogma and insist on a real circle 
containing area and, consequently, containirjg breadth. 

We have, accordingly, to enquire how the lines are 
divided. Is the section oblique or perpendicular to the 
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length of the linet Now this is readily answered — be-* 
cause the divisional lines, derived from continued bi- 
section, are divisions of a straight line evenly divided 
at right angles to its length. Therefore, by placing 
the divisional lines of P'ig. a. in the positions, relative to 
each other, which they would occupy as tangents to the 
circle, and considering the rectangular extremities of the 
one with reference to the rectangular extremities of the 
next, the actual conditions of the contact between them 
will become manifest. Figs. c. and d. 

The fragmentary tangent-lines compounding the 
circumscribed polygon formed by piecing together the 
sections of a straight line divided at right angles to ita 
length, are, therefore, in contact with respect to the 
inner surface only ; but if a straight line be compounoled 
of the fragmentary lines, the contact will be complete 
— that is, perfect vnth respect to both surfaces — and 
the original straight line will be restored. 

This case may be talten by itself. The fact of the 
ultimate arc very nearly coincident in length with the 
ultimate sine and tangent, and of the haJf-quadrant very 
appreciably less than the circumscribed polygon and very 
appreciably greater than the sum of all ita ultimate 
sines, presents itself for acceptance. That it is indis- 
putable and must be accepted seems to us evident. But 
what then: if there be some persona to whom this fact 
appears irreconcilable with the facts (as now taught) of 
trigonometry t 

In concluding this treatise it may be not out of place 
to consider a httle the meaning of the familiar statement 
(phrase) that one fact cannot contradict another. Proba- 
bly no one at the present time with any pretension to 
scientific knowledge or education will directly deny or 
express any doubt as to ihe truth and certainty of such 
statement in its simple form ; but the quesrion is as to 
absolute certainty in the strictest and most comprehen- 
nve sense ; and in the writings of men of scientifio 
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repuiation, at tlie present time, ojiiuions are expressed, 
theories propounded, and statements made, which, if 
referred iiiferentially to tlieir basis, make apparent that, 
in tlie minds of tlie writers, uo clear and reasonable 
conviction lias been arrived at, as scientific certainty, 
*hat one fact may not or cannot contradict another: 
i.e., be otlierwiae than in harmony with other facts. 
AVe call attention here to this circumstance because we 
believe that, in many cases, if the writer distinctly 
understood the nature of the conclusions involved or of 
the reasonable inferences belonging as corollaries to those 
theoretical opinions and stattmeiits, they would be 
reconsidered and, being found to be unreasonable, would 
not be put forth. Tliis circumstance, which must needs 
be regarded as of the gravest importance, may, in 
part at least, be a consequence of the increasing neglect 
of mathematical reasoning — by which we mean, strictly 
lawful and (therefore) correct reasoning — as a necessary 
element of educational training. A consequence of the 
want of such training is a non-recognition by the mind 
of tlie necessity of a primary basis, either securely 
established or undoubtingly believed in, upon which 
the theory or statement must be actually or presumably 
based. Practically the eflect displays itself in the opinion 
now more or less openly expressed by scientific teachers 
that Theology, is not an absolutely necessary and funda- 
mental part of Science but that, on tlie contrary, Science 
and Theology, if not actually antagonistic, should be kept 
quite distinct and separate. 

This separation of Science from Tlieology appears to 
be concurred in, and even supported, by very many of 
those who teach that the fundamental basis of Science 
must be found in Theology. They, nevertheless, accept 
the title of theologians, as distinguished from, and as 
in some degree antagonistic to that of, men of Science. 
Moreover the dislike of the man of Science to ThBology, 
is perhops, more than reciprocated by tlie theologian 
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whose belief in the primary truth of Theology is often- 
times a belief feaiful and appreliensive lest the progress 
of Science should discover and make known some adverse 
truth irreconeilable with the truth of Theology. 

That this view of the case is adopted by all or by 
nearly all scientific men or theologians we are not sup- 
posing. The exceptions on both sides are probably in 
the aggregate very many, but the question ia, taken 
all together, what is the conclusion or state oP feeling 
now entertained and held by the educated public gener- 
ally ; and in what direction are the doctrines now taught 
guiding those who are to succeed ua 1 

Assuming the existingstate of things to besubatantially 
as we have suggested, the apprehensive belief of the 
theologian which fears the facts and discoveries of 
science is not a behef in a scientific sense; such a fear 
evidently includes a doubt as to whether one fact may 
rot contradict and be irreconcilable with another or with 
some other facts. Nor can it help matters to say that 
the truth of theology is different from the truth of science, 
because, if it be meant thereby that the truth of the one 
can be otherwise than in perfect harmony with the truth 
of the other, the entertaining or admitting id any degree 
such supposition is the making over Theology to Meta- 
physics which is expressly the antagonist ofsound Theolo- 
gy as being the essential basis of all sound Science. How 
stands the case on the other side ! If the question waa 
put : what is the especial ])riuciple contended for and 
upheld by modern science ! the answer moat generally 
concurred in would be — 'intellectual freedom,' the right 
ofeachonoto exercise his intellect in his own way, 
without let or hindrance. Wliat does that mean t It 
means inteUeciual lawlessness ; intellectual anarchy ; the 
right of each one in matters which concern others as 
well as himself in the most important and momentous 
sense, to do as seemeth good in his own eyes ; the demand 
of men, who recognise the imperious necessity of laws 
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and aubmission to those laws in matters of comparatively- 
little importance, to be free from the restraint of all law 
in matters of the greatest importance. It means the claim 
of some men to be allowed to impede sound education, 
to pollute things sacred, to contaminate all true know- 
ledge, to teach the most pernicious doctrines, and to 
deceive and confound those who look to them for 
instruction. 

Against this claim of so-called intellectual freedom, 
■whether it be hesitatingly expressed, merely as a dislike 
to mixing up theology with science, or boldly and defi- 
antly asserted as a determination to be intellectually 
unrestrained by any laws or rules, we distinctly protest 
and earnestly caution those whom we may in any degree 
influence. It may be said — let public discussioti and 
progressive education put right what is wrong, we 
cannot expect to have science quite perfect at any time ; 
that which is true is stronger than that which is false — 
increased knowledge and discussion may be relied upon 
to eliminate error. No : such reasoning is not itself based 
on fact ; and such a course is not to be relied on to elimi- 
nate error ; on the contrary if allowed to proceed, its effect 
would be to vitiate education and to deteriorate knowledge 
more and more, until,, at length, the education would be- 
come an altogether evil education, and the knowledge an 
essentially unsound and destructive knowledge. Truth is 
stronger, much stronger, than falsehood, but a mixture of 
that which is true and that which is false is not truth. 
Keither is it fact that error can be eliminated and got rid of 
by discussion in which sound and unsound knowledge are 
mingled together, in which the reasoning is not strictly 
lawful and not properly based on that which is true and 
certain. Such discussion is the weapon with which Un- 
truth, wearing the mask of Science, can best succeed in 
destroying that which is true, and confounding thoaewho 
love the truth. A human science which does not distinctly 
recognize the primary truths of theology as its ultimate 



THE CIRCLE AND STRAIGHT LINE. 



29 



basis, is not based on reality ; it has not and cannot have 
•any actual and secure foundation. If the Science of 
PiUgland is not so based, no matter what seeming progress 
may for a time be made, whenever the trial comes it will 
be as the house built on the shifting sand ; and, if not 
•destroyed by sudden catastrophe, will eventually become 
^ ruin, together with the civilization which rests upon it. 
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TO PART THIRD. 



Demonstration that the Theory of curvature, as set 
forth at the commencement of this Part, is sound and 
represents the actual relation of the ultimate sine to the^ 
arc of the circle, .may be exhibited by means of a modi- 
fication of the fundamental construction. In fig. 40^ 

C 
the arc of 22 J degrees (i. ^'—ttt or half octant) takes the 

place of the octant B,M., belonging to figs. 1 and 2. — 
A little consideration will show that the same reasoning 
which was applied in Part First, to the preliminary 
examination and demonstration of the fundamental con- 
struction, will likewise apply to this case of the half- 
octant. Because the point m. at the terminal extremity 
of the arc (half-octant) ft.w?., in its first position, be- 
comes, when the arc is rolled on the tangential line b.e. 
in contact at the point o., that point of contact must 
necessarily fall vertically beneath the point r. at the com- 
mencement (the original extremity) of the sine of the- 
second half-octant o.s. And since, if the rolling be con- 
tinued, the point/, at the terminal extremity of the 
second half-octant m,f. necessarily arrives at s. there- 
fore the difierence r.m, between the arc-length m.s. 
and the sine r.s. is demonstrated to be an aliquot part 
of the arc-length, and, consequently, also of the sine. It 
may be then shown, in like manner to the previous case 
of the octant (Part First), that the number of divisional 
parts, each equal to the diff. must be 39 in the arc-length 
and 38 in the sine. 

It will be seen to follow that this aliquot relation of 
the diff. to the arc-length is a property which must be- 
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long, not peculiarly to the octant and half octant only, 
but (1) to every fractional arc resulting from the con- 
tinued bisection, or even division of the octant, and (2) 
to every divisional part of the octant, whether even or 
uneven. Therefore, we may be said to arrive herein^at 
the ultimate analysis of the relationship of the sine to 
the arc-length of the octant.. for it becomes evident 
that in every arc resulting from the removal of a part 
of the octant, the diff. of the arc-length and sine in 
that diminished arc, compared with the diff, in th*^ 
octant, is, in the first place, proportionally less by the in- 
crease in the sine-length (i.e., the increase in the sine is 
a direct and equal diminution of the diff.) and, secondly 
that the remaining part of the diff. must be proportional 
to the (diminished) versed sine belonging to the reduced 
arc, the magnitude of which is evidently related to th<^ 
specific curvature contained in the arc. 

Note. — It would aj^pear that the definite structural rela- 
tionship of the sine to the arc of the circle, thus shown, must 
be a part of or closely related to the basis of the ideal 
science Harmony ; and since the subjects of those divisions 
known as Optics and Acoustics belong in part to the 
science of Harmony, it is at least probable that the know- 
ledge and appreciation of this relationship will lead to 
fuller appreher»sion of the laws belonging to those divisions. 

Figs. 27, 28, 29, 30, are additional illustrations of the 
method of eliminating the curvature by continued radial 
duplication of the bisected arc. 

It may be observed that in some of the figures the 
same letter of reference, X, indicates the arc-length and 
the ultimate sine-length. On the scale of these figures 
the two points fall so closely together as to appear almost 
identical, the difference being only about three parts in 
eight thousand, and an attempt to show them separately 
in the same figure would confuse the lines and letters* 
In Fig. 39, however, B. 0. indicates the arc-length, and 
B.P. the ultimate sine-length. 
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We have brought under consideration four arcs, namely : 
v(l) The arc of the arc-length 0.0. (XX in Fig. 2h) 

(2) The cyclal-arc of decurvature (or, of increasing 
xjurvature) M.O. (SX) 

(3) The arc of the ultimate sine-length P.P. (XX) 

(4) The cyclal-arc of the increasing sine M.P. (S.X.) 

The first and third, indicated in the Figures by the 
same letter X.X., because too close to each other to be 
clearly distinguishable, are both of them arcs of circles 
. described from the same centre B. The radius of the 
one (1) equalling 7-85674. .&c. ; and the radius of the 
other (3) equalling 7-85398.. &c. 

The second and fourth arcs we wish now again to com- 
pare and contrast, in order to distinguish between them. 
In order to do this, let us first state the following lemma : 

Lemma. — If a triangle be isosceles or equilateral, and 
if the point at the vertex of the triangle being taken as 
a centre, and one of the sides being taken as a radius, a 
circle be described therewith, then shall the points at 
the extremities of both sides be in the circumference of 
the circle, and the base of the triangle shall be the chord 
of the arc contained between the points at the extremi- 
ties of the two sides. 

The Cyclal Arc of decurvature^ Fig. 37. If, therefore, 
the line M.O. (equivalent to /S-X. the extremity of the line 
R.Y.X. Figs. 21 and 25), which is the chord of the arc of 
decurvature M.O., be bisected, and from the point of bi- 
section rf, at right arigles to the chord, a line (rf,6.) be 
drawn intercepting the primary tangential line JB.i)., the 
point of interception will be b, at a distance from B, = 
2'000452.. .And the point 6. shall be the centre, and the 
line fe.d. the radius, of the arc of decurvature M,0. 

The arc O.Jf. is a very little greater than 30 degrees. 

The tangent O.X to the arc = 3-3831.. 

The sine D.M.y is also the versed sine of the primary 
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octant B.M.{io which the arc O.M. is cyclal), and equals 
2-92893-. 

The Cyclal arc of the Increasing Sine. — ^Fig. 38. 

By the same lemma, if a line be drawn from the ex- 
tremity of the octant to the extremity P. of the ultimate 
sine-length on the line B.2>., then, if this line which is 
the chord of the cyclal arc of the ultimate sine be bisect- 
ed, and from the point c of bisection, perpendicular to 
the chord, a line c.a. be drawn intercepting the line 5.2)., 
the point of interception a. shall be the centre and the 
line c a. the radius of the cyclal arc of the ultimate sine 
F,M. The arc F.M. is a little less than 30 degrees. 
The tangent F.X. to the arc = 3-37317. . . The sine DM. 
is also the versed sine of the primary octant B.M. 
'(to which the ultimate sine belongs and to which the 
arc F.M, of the ultimate sine is cyclal) and equals 
2-92893... 

Herein we observe a very interesting definite relation- 
ship established between the arcs O.M. and F.M. respec- 
tively, and the fractional arcs of the primary circle to 
which the octant B.M. belongs* ; namely, the ratio of 
the circles to which they respectively belong is : — 0,M» : 
B>M.\ : radius Jf.fe. : radius A.B. And, F.M. : B,M. 
: : radius M^a. : radius A.B, 

Note. — Referring to Fig. 21 and 25, the following will 
be the elements of the computation : — Taking X. in the 
line JB.D. to indicate the extremity of the arc-length (i.e., 
B.X. = 7*85674), then, bisecting the chord SX. and draw- 
ing the line db- interceptingjB.D. at 6., we obtain 3£.d, as 
the base of a triangle similar to the triangle S.X. W.; 
therefore as X.W- : XS- : : Xd. : 3£,b. 



«That is . . . Between the cyclal arcs and the primary arc to which thej 
are cyclal. iVb^^.— la Fig. 25 the point M, at the extremity of the octant 
is indicated by the letter 5., and the points 0. and F. which fall very 
close to each other are both indicated by the letter z. 
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Now since /S'.T^. = 2-92S93. . SX.^ 30324:7. . 
And jir.(7. = iSX-f-2 = 1-516235, therefore 
•785074:303247 :: l-516235:5-85223 

which last number is the length of the radius b-X' 

7S5674 - 5-85222 = 200452 = 56. 
But 707107 - 200452 = 506655 



And V506655' + 2-92893'= 5-85223 

that 18, the square of ^ the sine of the half-quadrant 
less J5.fe.', added to the square of the versed sine iS.TF^ 
gives the square of the radius b.X. 

Now taking X, in the line jB.jD., to indicate the ex- 
tremity of the ultimate sine-length radially increased^ 
(i.e., B.X. = 7-85397. . .)• The chord X.S. is bisected 
in the point c. The base X.W., of the lesser triangle 
S.X.W. DOW equals 7-8291 . . . 

And, since S.W. = 2-92893... S.X. =303176... 
3£x. = S.3£. -T- 2 = 1-51588. . . Therefore. . . 7-8291. i 
3-03176 :: 1-51588 :: 587013... which last quantity 
is the length of the radius a.X And 7-85397 - 5-87012 
= l-98384 = 5.a. 

The following table exhibits a comparison of the sine- 
lengths throughout eight successive bisections of the 
octant. 

A. are the sine-lengths of the successive arcs— obtained 
by the radial duplication of the successive fractions of the 
repeatedly bisected arc— by the terminal extremities of 
which ^ the cyclal arc of the increasing sine ' is formed.* 

B. are the sine-lengths of the equivalent successive 
arcs (corresponding to those of column A.) — resulting 
from the continual ^ unbending ' or ^ straightening ' f 

* These sine-lengths agree with those of the table at page 55 of Appen- 
dix, Part Second. Instead, however, of bisection and radial duplication, 
the repeated diminution of the arc by successive removals of any fraction 
and the proportional radial increase of the remaining arcs may be 
substituted. 

t The ezpression..decurving..migbt be preferable to that of.unbending^ 
an arc, and would be, perhaps, more generally acceptable. 
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the primary arc— by the terminal extremities of which 
* the cyclal arc of decurvature ' is formed. 

A. B. 

C 7071068 7071068 

8 

C 7-653668 7-65517 

16 

C_ 7-803613 7 80606 

32 

C 7.841371 7-84405 

64 

0^ 7-850828 7.85356 

128 

C 7-853193 7.85539 

256 

C 7-853785 7-85655 

512 

C 7.853937 785670 

1024 

C 7-853969 7.85673 

2048 
Mnally 7-86398 ...&c. 7.85674.. .&c. 



Referring to the explanation given in the supplement 
of Part Second of the method by which the ratio of the 
circumscribed polygon to the complete circle may be 
computed from the fractional arc and the fragment of 
the polygon.. It is evident, since the lesser polygon is 
greater than the complete circle (described with the 
six-thousandth divisional part of the greater radius) about 
which it is circumscribed, that a circle described from 
the same centre as the lesser circle, equal in longitudinal 
magnitude to the polygon, must be described with a 
radiu« longer than the radius of the lesser circle in the 
same proportion as the polygon is greater than the lesser 
circle. Then if we increase the radius of the lesser 
circle six thousand times, and increase the radius of the 
circle equal to the lesser polygon, six-thousand times, we 
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shall thcD obtain the radius of the larger circle and the 
radius of a circle which will equal the polygon circum- 
scribed about the larger circle (i.e. will equal Legendre^s 
circumscribed polygon). The circle thus obtained we 
will call for distinction, The circle of the ultimate tan- 
gent. We have now, therefore, three circles, to wit. ... 
(I) Tlie circle of the ultimate sine, equivalent to the 
inscribed polygon of Legendre. (2) The (true) circle 
itself. And (3) The circle of the ultimate tangent, 
equivalent to the circumscribed polygon of Legendre. 

The explanation of the case may be now thus stated : 
The perimeter of the circle is a breadth-containing boun- 
dary of which the breadth measures 0.00017555. .taking 
the diameter = 1. This breadth deducted from 0.5 gives 
the radius of the circle of the ultimate sine, which circle 
measuring 3.14159. .represents the inner surface of the 
(breadth-containing) perimeter of the true circle, and of 
the (true) circle the circumference or outer surface mea- 
sures 3. J 42696 . . and the breadth of the perimeter equals 
0.00017555. .Or the surface of the circle of the ultimate 
tangent may, for the sake of illustration, be considered as 
the outer surface of the perimeter, and the surface of the 
circle of the ultimate sine as the inner surface of the peri- 
meter (the true circle occupying the mean distance be- 
tween the inner and outer surface), in which case, .the 
breadth of the perimeter will equal 0-00035 J 1 . . .to the 
radius as a unit, .and the outer surface of the perimeter 
will measure 3* 1438002.. . 

Accordingly, the diameter of the three circles, re- 
spectively are : — (1) 0.9996489. . . (2) 1.0000. . . and 
3) 1.00035122.. 

Note. — It is to be observed that the arcs which we have termed 
respectively .. The arc of the arc-length : The arc of decurvature ; 
The arc of the ultimate sine-length; and the arc of the increasing 
sine ; are all of them cjclal arcs — i.e., cyclal to the octant 
of the primary — having the respective centres of their circles situated 
m the tangential line of the octant. The three circles of the peri- 
meter are, of course, all of them primary, and have the one 
centre in common. 
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Having thus obtained the ratio of the intervening circle to the 
circumscribed and incribed polygon respectively, when the 
number of the sides of each of the two polygons is indefinitely 
great let us now define the relation of the circle to the cir- 
cumscribed and to the inscribed square, as demonstrated in the 
foregoing both by magnitudinal and quantitive geometry : — 




THE RATIO OF 




CIECLE TO INSCRIBED SQUAEE 



TIN to NINE. 



SQUAEE TO INSCEIBED CIECLE 

9 to V50. 
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PREFACE TO PART FOURTH. 

In the Appendix to Part Third, we have shown that the 
complementary arc of curvature to the octant is the arc 
of a circle described with a radius which equals 5-85223. . 
taking the radius of the primary octant as equalling 10. 
The immediate importance of the fact thus shown is in 
the independant demonstration which it furnishes of the 
actual arc-length of the octant- 

In the same connection, as another additional analysis 
independently establishing the same result, we may 
refer to the application of the linear differential method 
in the analytical and syntht^tical examination of the line 
J'K,N,j which will be found at page 18 of this division 
of the work, (Part Fourth). 

The quantitive relations of the octuple and sextuple 
arcs, as exhibited herein, we wish to particularly commend 
to the attention of the practical mathematician, not only 
in respect to the great utility which, as we opine, may 
be derived from the distinct knowledge and application 
of those relations, but also as an introduction to the 
systematic analytical investigation of the circle by 
divisional arcs and decimal circles. 
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Analytical Examination by Fig. 23.-(R.) 

Q 

The Arc of 30 degrees (-^^)- The Octuple-arc B.Q,^ (or 

B,K. of Fig. 24.) And th£ line B.b., wMch is a prodwotion of the 
chord of the octuple arc. 

The arc of 30 degrees B.e., t or D.e., has its sine equal to 
5'0000. 

K the Octuple arc B.Q. be bisected, and the secant to the 
half-arc be drawn, the line A.O.K.* so drawn shall intersect 
the line B.b. in the point bisecting the chord of the Octuple 
arc, and the line A.O.K.' shall be (manifestly) equal and 
similar to the line B.b. (Because B,b. bisects CD., and A.O.K.* 
bisects B.D.) 



* We have adopted this term for the moment to distinguish this 
arc of which the sine is to the tangent of the half-quadrant in the 
ratio of 8 to 10, of which the chord is to the tangent of the half- 
quadrant as * the square-root of 80 * to 10 and of which the tangent 
is to the tangent of the half-quadrant as 8 to 6. It is to be noted that 
the same (octuple) arc is the particular subject of the theorem and 
prop, belonging to Fig. 24, page 10, Part Third, and is further consi- 
dered in the following supplementiu'y examination by Fig. 24. (R.) 

t B.e. of Fig. 31. — in which B.e.=i V.e. = e.d. = C.d. 
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The secant A.O.K/ to the half-octuple arc, bisects the 
tangential line B.D., and consequently the tangent to the 
half-octuple arc is also equal to 5-0000. And equal to the 
sine of the arc of 30 degrees. 

We have therefore the arc S.e., equal to half of the arc 
B.C., which is one third of the quadrant B.C. ; and also the 
sine of B.e. equal to one half of B.D., the tangent to the 
half-quadrant, and equal to the tangent of half the octuple 
arc. 

The Cosecant of the arc of 30 degrees equals 20-0000 (i.e., 
twice the radius) ; 

The Tangent = 5-7735... 
" Cosine = 8-66025... 
" Cotangent = 17*3205... (i.e., twice the Cosine.) 

A particular arithmetical relationship is at once appa- 
rent on contrasting these three quantities with each other... 
viz., the least is one third of the greatest, and the interme- 
diate term is the one half of the greatest, moreover the least 
and the greatest of these numbers form with the number 10 
a proportion of which 10 is the reciprocal or intermediate 
term. Now, 10 is the tangent to the half-quadrant, and the 
greatest of these numbers (17-32051) is the tangent to the 
arc of sixty degreee. 

So that, herein we have a remarkable relation between a 
magnitudinal and arithmetical proportion. The inter-relation 
between the arcs contrasted with the inter-relation between 
the tangents is remarkable in respect to the dissimilarity 
in the correspondence (so to speak) ; for, in the arcs, the 
addition of one-half the first term gives the second, and the 
third term is twice the first (30^, 45° and 60°) ; but in the 
case of the tangent, cosine and cotangent of the arc of 30°, 
the third term is twice the second and three times the first. 

5-7735, 8-66025, and 17-3205 ; 
and in the tangents of the three arcs compared together, 
the second term is greater than the first in the same ratio 
that the third is greater than the second, 

5-7735 : 10 : : 10 : 17-3205. 

Scholium. — In considering the relation of the arc of 30° 

C C 

(-Y5-) to the half-quadrant (-q—), it should be noted that, if 

iZ o 
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the chord of the arc of 30° be bisected, the one-half is the 
chord of an arc of 30° belonging to a circle of half the magni- 
tude, (i.e., drawn on one-half the scale,) and is also the sine of 

C ^ 
the arc of 15° ("ol"") ^^* ^^ from the greater arc by bisect- 

tion. Since the arc of 15° is one-third of the half quadrant 
this relationship is of especial interest. 

The definite divisions of the lines obtained by this con- 
struction arc : — the line B.D. into three equal parts by 
perpendiculars drawn from the points z. and y. respectively. 
(Note. — If the tangent to the octuple arc be drawn, the dif- 
ference, by which this tangent is greater than the tangent 
to the half-quadrant, is equal to one of the three equal divi- 
sions of B.D.) 

The line B.D. divided into five equal parts by perpendi- 
culars drawn from the points Q'.o.t.Q. respectively. 

The line B.b. into fifths of which b.Q. is one fifth, Q.O. is 
two-fifths, and B.O. is two-fifths. 

The secant A.D. into three equal parts by the points z, 
and y, 

Note. — To assist the student in distinguishing the trigono- 
metrical relation and values of these divisions, the following 
may be found useful. Figs. 1. and 2. — In each of these figures 
the line B.b. bisects the perpendicular a. C ; which line (a.C.) 
divides the triangle A.D.B into two similar and equal 
triangles. Fig. 3., (in connection with Fig. 23. (K.), indicates 
the harmony of the cyclometrical and trigonometrical inter- 
relation of the lines and their equal divisions. 

Fig. 26— This figure belongs to Fig. 25 B.It. 2, illustra- 
ting the decimal relation of the versed sine. (See the com- 
mencement of Part Second.) 

For the purpose of examining and comparing the elements 
of a series of primary decimal circles, this form (Fig. 26) 
should accompany Fig. 25 jR.jR. 2, and Fig. 14. For pur- 
poses of comparative cyclometry, we deem this figure and 
its obvious modifications of great utility. 
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Fig. 24. (B.)-The OctupU^Arc B.Q. [ Cc^^t = gToJo. 

B.K.', the tangent to the half-octuple-arc... 
B.K.' : B.D. : : 5 : 10. 

B.Q. the chord of the octuple-arc... 
B.Q. : B.D. : : V80 : 10.* 

B.T. equals the sine of the octuple-arc... 
B.Y. : B.D. : : 8 : 10. 

B.E. the tangent of the octuple-arc... 

B.B. : B.D. : : 8 : 6.' 
(Because B.E. = (B.D. -♦- B.H.') 

B.E. = 13-3333...&c.— 

A.P. the cosine of the octuple-arc... 
A.P. : B.D. : : 6 : 10. 

A.E. the secant of the octuple-arc... 

A.E. : B.D. : : 10 : 6. And A.E. = i^ 

6 

Since B.Q'.z.k. bisects A.C. and B.O.y.b. bisects CD., the 
part Q.'Z. of the octuple-arc D.Q.', is equal to the part 
O.Z. of the same arc. Now the point 0. is the point of bisec- 
tion of the chord of the (respondent) octuple-arc B.Q., and 
therefore if the octuple-arc B.Q. be described of one-half the 
magnitude, B.O. will be the chord thereof. But D.O. is 
the sextuple arc of the quadrant D.A. and responds to the 
sextuple-arc B.t. of the quadrant B.C. ; consequently the 
point at the extremity of the octuple-arc of half-magnitude 
coincides with the point at the extremity of the responding 
sextuple-arc. 

Examination by Figs. 23. (R.), and 24. (E.) 



* Hence the sine is to the chord of the octuple arc : : 8 : VSO . 
Also— the sine of the octuple arc is to the sine of the half-quadrant : : 
8 : V^O. And the chord of the octuple arc is to the chord of the half- 
quadrant : : V80 : the square-root of * twice the versed sine of the 
half-quadrant multiplied by 10.' (i.e. V68'6786.) 
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The Sextuple-Arc— B.t. 8ine=r: 6-0000. 

The close relation of this arc to the octuple-arc of which 
the sine - 8*0000, will be made at once apparent by consi- 
dering CD. as the tangent and by taking the point C. 
for the original instead of the terminal extremity of the 
quadrant, in which case the point t. becomes the extremity 
of the octuple-arc C.t.* 

The following are the comparative elements of the two 
arcs. The radius equalling 10. 

Oetuple-arc, Sextuple-arc. 

The Sine = 800000. . 6-00000 . . 

" Chord t - 8-94427. . 6-32455 . . 

" Tangent « 13-3833, &c. 7-50000 . . 

" Secant = 16-6666, &c. 12-50000 . . 

" Conine = 6-00000. . 8-00000 . . 

These two arcs (the Octuple and Sextuple) are also so 
related to the half-quadrant B.S. that the one is less by the 
same quantity by which the other is greater than the half- 
quadrant, i.e., — the point at the terminal extremity of the 
half-quadrant is at an equal distance between the points at 
the terminal extremities of the two arcs. The relationship, 
therefore, is : — 

B.S. + half the diff. of B.Q, and B.t. = B.Q. 
B.S. - half the dilf. of B.Q. and B.t.= B.t, 
B.Q + B.t. = 2B.S =BC. 

From this relation the quantitive values of the two arcs 
are readily obtainable and we find accordingly : — 

The Octuple-arc contains b3^ degrees | j^k o 
The Sextuple-arc contains 36f degrees J ^ 

Together equalling 90 degrees. = B.C. 

Note — For the purpose of assisting the examination and 
appreciation of the linear divisions, we furnish the follow- 
ing : Figs. 4. 5. 6. — In Fig. 4, the arc B.g. is described 



•Evidently therefore the sextuple and the octuple arcs are so 
related that the one is the complement of the other? it is none the 
less important to clearly distinguish between them. 

t Hence the chord of the octuple-arc is to the chord of the sex- 
tuple-arc : : VBO": V40r 
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with the radius A.B., and the arc B.p. with the radius C.B. 
which is the one-half of A.B. The tangent B.D. of the arc 
B.g. is divided into four equal parts in the points a.b.d. and 
the lines drawn from these points respectively to the central 
point A. divide each of the arcs B.g. and B.p. into four 
(unequal) parts. It will be found that the ratios of the 
divisions of these arcs to each other (i.e. of each to the next) 
are proportionals ; thus — g.f : f.e. : : f.e. : e.c. : : e.c : c.B. 
Consequently, f.e. — g.f. = c.B. (or f.e. — c.B. = g.f.)> 
and g.f. 4- c.B. — f c. That is the arc-length of g.f., 
together with the arc-length of c.B. equals half the length 
of the arc B.g. Now if the radius be reduced t<j the one- 
half and the arc B.p. described therewith be examined, the 
ratios of the arcs will be found proportionals as before, and 
we have p.o. : o.n. :: o.n. : n.m. :: n. m. : m.B.; there- 
fore the arc-lengths p.o. + m.B. = o.m., and o.m. equals the 
half of B.p. The Figs. 5. & 6. are, in the first place, for the 
purpose of showing that the same inter-relation of the divi- 
sions of an arc divided in the same manner - to wit, by 
division of the tangent into equal parts— holds good whether 
the length of the radius be increased and the extent of the 
arc be diminished, or whether the length of the radius be 
diminished and the extent of the arc be increased. The 
same figures serve to illustrate the trigonometrical relation 
of the radial lines drawn from A., which intersect the tan- 
gential line B.D. The perpendiculars at the points d.b.a. 
divide the line A.D. into four equal parts, and the line A.d. 
into three equal parts, and the line A.b. into two equal parts. 
The perpendiculars themselves are in arithmetical progres- 
sion and are successive multiples of the least. Consequently 
d. 4- B. = b. 4- a. 

Figs. 7. and 8. are to illustrate the conditions which neces- 
sitate the proportional inter-relations of the divisional arcs ; 
also, in Fig. 7., we have a series of similar triangles, of 
which the ratios are proportionals A.c.d. : A.d.B. : : 
A.d.B. : A.B.D. :: A.B.D. : A.D.f ; the bases of these 
triangles are therefore similarly proportional, each to the 
next. The two sides D.e. and e.B. of the triangle D.e.B. are 
together, a mean proportional between D.B. and g.f, and, 
therefore, g.f is greater than BS, in the same proportion 
that D.e.B. is greater than D.B., &c. 
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Fig. 31. — Examination of the figure. 

Of the qnadrant B.C....Q.O. is the complement of the 
octuple-are B.Q....B.d. (two thirds of the quadrant) = C.e.; 
... C.d. = d.e. « e.B.; and C.d. + d.e. + e.B. = C.d. x 3 = 
C.B.... S.d. = S.e., and S.Q. = S.P. ; therefore Q.d. = P,e. 

Of the similar quadrant respondent through S.d., to wit, 
the quadrant (C.)(B.) the similar divisions are equal; 
thus (C.)(d.) + (d.)(e.) = C.d. + d.e. ; also V.(e.) = B.e. 
« (o.)(d.) = (d.)(C.), &c. 

Of the similar quadrant respondent through e., to wit, 
the quadrant A.D., the similar divisions are equal ; thus 
Q*.Z. is equal to Q.S., Q*.e. is equal to Q.e., and the line 
K.K,' bisects the line joining Q.Q'. 

Of the arcs shown in this Fig. the arc of curvature des- 
cribed with radius b.X intersects the central point K. of 
the square, which is also intersected by the arc of the sine 
length described with radius B.W. 

We note, in the first place, the remarkable relation 
between the square and the quadrant herein exhibited, and 
which may be thus stated as a theorem... that, if a quadrant 
be depcribed in a square, and if the two adjacent sides of the 
square next the quadrant be bisected and a square half the 
magnitude of the first be formed by joining the points of 
bisection and the central point of the greater square, then 
will the quadrant be intersected by the two sides of the 
lesser square, and the two points of intersection shall divide 
the quadrant into three equal parts. This theorem may be 
said to be demonstrated by inspection of the figure — that 
is, in other words, it becomes manifest — but, moreover, we 
have the central part of the three into which the quadrant 
is divided, bisected by the line K.S.D. (half the secant of the 
half quadrant), and we are familiar with the quantitive 
values of the lines K.S. and S.D., of which K.S. equals the 
versed sine of the half-quadrant = 2*92893... and S.D., the 
difference of the radius and secant of the half-quadrant, = 
4-14214... (i.e., taking the side of the greater square equal 
to 10-0000.) 

We may therefore, by taking the distance K.d. as a radius, 
describe a quadrant terminated by the points d. and e. 
which terminate the arc d.e. ; or, by taking the line K. S. as a 
radius we may describe an arc touching the arc cut off 
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from the greater qnadrant, at the central point thereof S. ; 
and the proportion of these arcs each to each and their qnan- 
titive values may be very readily determined. 

Now if a fourth quadrant intermediate between the two 
last be described by making the radius equal to one-third 
of the radius A.B., this last quadrant will intersect the cen- 
tral part of the primary quadrant in two points, and if 
the point (K.), belonging to the primary responding quad- 
rant (C.)(B.), be taken as a centre and with the san»e 
radius — to wit, equalling one-third of A.B. — another second- 
ary quadrant be described, we then obtain Fig. 32. 

Fig. 32. — In this figure the line 3£.3£, occupies the half 
distance between the perpendicular diameters of the two 
(greater) circles, and since the radius of each equals the one- 
third of ten (3333...) those circles intersect each other on 
the line XX Setting aside for the moment the preceding 
demonstrations of the locality and characteristics of the line 
3£.3£, it is at once apparent that the relative place of that 
line as shown in the figure necessarily belongs to the struc- 
tural plan of the circle, because K.S. equals S.T. or (S.W.) 
and the distance S. jf. is included in the distance S. T. and 
the distance, also, between the lines (T.) V. and K.k\ is in- 
cluded in the side of the right-angled triangle of which K.S. 
is the base, therefore if S. be taken as the centre of a circle 
described with the radius S.K., that circle will intercept the 
point T., and if the point (S.), responding to S., be taken as 
the centre and a circle be described with the radius (S.)(K.), 
that circle will intercept the point (T.) The distance be- 
tween the centres K. and (K.) of the two (greater) circles 
is therefore necessitated and deterjuined by the actual rela- 
tion of the lines. Now taking our demonstration of the 
quantitive value of R.X, as the arc-length of the half 
quadrant— to wit, 7-85674.. —we have XT. = (R.T.— 
R.X) =2-14326.. .But S.X, by that demonstration, equals 
the one-tenth of E.X, i.e., 785674..., and S. K., by the figure, 
equals S.T., and equals S. W. the versed sine of the half 
quadrant and of which the magnitudinal value is therefore 
2-92893... Let the fact be particularly noted t?iat 2'14326 + 
•785674 = 2-92893. 

It may be observed that, since the chord of the arc of 
sixty degrees equals the radius, several of the distances 
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between the points indicated in this figure are necessarily 
*eqiial each to each. 

Fig. 33. — If the responding quadrant (B.)(C.) be located 
at a distance from the centre K. of the primary circle, a 
little greater than its true place as determined by the arc- 
length of the half quadrant — ^to wit, by making the distance 
R-jE". equal 7-86565. . instead of 7*8567 4.. .the perpendicular 
W.S., produced through S., will intercept the responding 
quadrant (B.)(C.) in the point d' (on the line J. K.), and in 
that case d.'K. will be equal to d'.S., and d.d'. equal to (S. )S. 
And also, if from K. a x)erpendicular be drawn through 
the line R.T., at E., to the point e. in the quadrant B.C., the 
perpendicular K.e. is manifestly equal to K.d., and K.E. 
equal to K.d'. Hence we obtain the formation of four 
squares equal each to each, and of eight parallelograms 
equal and similar each to each, as shown in Pig. 33. 

Of these squares, each of the sides is equal to K.d\ and 
the diagonal equal to K.S.... Now the quantitive value of 
K.S. is 2-92893 ... and K.d\ : K.S. :: 10 : 14-14214... 
therefore K.d.' « 207107 ; but in place of a diagonal each 
of the parallelograms, of which the two sides are each equal 
to K.d.' and the other two sides each equal to d.'d., or S. (S.), 
contains a fraction of the quadrant B.C., and which fraction 
is the one-sixth part of the quadrant, (an arc therefore con- 
taining 15 degrees described with radius equal to 10.) 

Analytical Examination by Fig 31. 

TJie arc of 15 degrees (^) ; and the line J.K.N, 

The arc of 30° B.e. is bisected in the point m.; B.m. is 
therefore an arc of 15°. B.m. = m.e. = e.S. B.m. + m.e. 
4- e.S. = B.S. S.d. is also an arc of 15° and equals S.e, = 
B.m. 

Since the line A.M.m. bisects the angle B.A.f., the line 
C.d.g. similarly bisects the responding angle D.C.F. and the 
point M . manifestly responds to the point d., therefore the 
line C.d. bisects an are of 30°and J.d., on the line J.K., is 
the tangent to an arc of 15° described with the radius C.J. 
which equals one half the radius A.B., and J.d. therefore 
equals one-half of B.n. the tangent to the arc B.m. 

But the lines A.d. and A.e. are likewise respondent 
each to the other, and, therefore, the point d., at the 
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terminal extremity of the arc C.d. responds to the point 
e. at the terminal extremity of the arc B.e. Now the 
sine of the arc B.e. = (the half of B.D.) = 5. And conse- 
quently the cosine of the arc B.e. equals 8-66025. There- 
fore, N.d., which responds to the cosine of the arc B.e., also 
equals 8-66025. . . and J.d. = (10 - 8-66025) =1-33975. . . 
Again N.M., at the opposite extremity of the line, responds 
to J.d. and also equals 1 - 33975. . . ; and !N".L. : the sine of 
B.e. : : 2-88675 : 5.* Therefore, M.L., which is the distance 
between the points in which the line is intersected by the 
arc and by the chord of the arc respectively, equals (2 -88675 
-1-33975) = 1-54700. 

The magnitudinal values of these distances having thus 
been with certainty ascertained, the entire line J.K.N, may 
be analytically examined ; commencing from the extremity 
N. we have: — 



N.M. 


•m 


1-33975.., 


M:L. 


=. 


1-54700... 


L.IL 


= 


2-11325... 


N.K.— 




5-00000 


K.d.' 


s 


2-05323...') 

-01784... j 2-07107 


d:$ 


_ 


$ y. 


= 


-04218...) 
-74349... 1 0-78567 


yX- 


ax 


K.jp. 


7-85674 


X.y' 


= 


-74349... 


y' (S) 


« 


•04218... 


(8)cL 


« 


-01784... 


d.J. 




1-33975... 


XJ- 


2-14326... 


N.KJ. 


10-00000 



Or again, by taking the (central) point j|f.» we have as 
definite parts of the line J.K. : — 

X.y. and jf.y*' each of which equals -74349... 
X8. and 3£.($)J each of which = .785674... 
Xd. and XAJ each of which = -80351... 

and finally 

XT = 2-14326, and XK. =: 2-85674. 



* Because N.L. is the sine of the same angle, and 288676 i 6 :: 
5 : 866025. 
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The definite division of the line J.K.N, thus determined 
evidently furnishes the means of again testing the correct- 
ness of that quantity of length which has been hitherto sup- 
posed to measure the half-quadrant, namely, •78539-.. It 
appears almost needless to show here by the addition and 
subtraction of the figures that such quantity cannot be 
made to harmonize with those definite divisions of the line 
J.K.N., which directly result from trigonometrical measure- 
ment, and that, furthermore, no quantity, as representing 
the arc-length of the half-quadrant, can be made to har- 
monize therewith other than the quantity 7 • 85674. . 

As an example, let us first take this demonstrated quan- 
tity ;— to wit, N.jir. - 7-85674:— 

We have:— 'J.K « 5-00000 

KX = 2-856741 
3£d. = •80351) = 3-66025 



J.d. - 1-33975 

And 2 J.d. = 2-67950, the tangent to the arc of 15° (B.n.) 
But assume NjE". « 7-8539... 

Then:— J.K. == 5-0000 

K.X - 2-8539...') 

Xd. «(X«+ed) = -8007... j « 3-6546 



J.d. = 1-3454 

And 2 J.d. « (2-6908), as the tangent to (-hj") t^^^rc B.n. 

(Note. — We have already shown that assigning 7-8539... 
as the arc-length of the half-quadrant, is in fact attributing 
two different lengths to the same line* See Part Second.) 

Noteworthy in Fig. 31, is the foursided figure d.e. M.H. 
of which each of the sides is an arc of 30°, containing the 
central one-third of a quadrant described with radius = 10. 
Of the two longer diameters H.e. and M.d. each equals 
7-3205... ; of the two shorter diameters S.U. and z.u. each 
equals 5*85786... 

Fig. 34. — If the lines A.H. and B.e. be produced through 
the points H. and e. respectively, until they meet each other 
they will meet at a distance from the point d. equal to the 
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radius A.B. *(or from the point J. equal to the distance Nd.) 
and if from the point where the two lines so meet as a centre 
an arc A.B. be described, the length of the radius » 
18-6025... and the chord of the arc - lO.f 

The AEC of 18 L degrees. (The half-sextuple arc) 

Fig. 34. — Bisect the arc B.P. (i.e., the sextuple arc) ) and 
through the point of bisection c. draw the line A.Q.m. 

The arc B.C. is therefore an arc containing 18— degrees % 

its linear elements are, 

The Sine « 3.16227.-. 

" Co-sine «* 9-48685... 

" Tangent... « 3-33333... &c. 

" Co-tangent « 30-0000... 

" Secant - 10-5409... 

" Co-secant.. - 31.6227... 

(Note.) — These flgtcres may be compared mth the elements of 
the arc of 18^, 

The Sine - 3-09017... 

" Co-sine.... « 9-51057... 

" Tangent,. - 3-24920... 

" Co-tangent. « 30-7768... 

" Secant.... - 10-51462... 

" Co-secant. - 32.36068... 
Since the secant of the arc B.C. intersects the point Q., at 
the extremity of the octuple arc, D.Q., the quantitive 
magnitudinal values of the lines belonging to the arc may 
be very readily computed and verified ; the one-third of 
ten as the tangent to the arc presents itself at once... thus: 
— the triangle A.Q.O. is a part of the similar greater tri- 
angle A.m.B. ; 

* d.A. also equals A.B. . 

t Having regard to the relations of the triangle thus formed the 
base of which (i.e. the chord of A.B.) equals 10, it is probable that 
the characteristics of this triangle will render it of much utility if 
applied in the art of computation. 

7 ^ 
t The sextuple arc has been shown to contain 36g degrees. 

(Page 13.) 
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Now we have A.O. «= 6, and Q.O. « 2 ; * 
(As A.O. : Q.O. :: A.B. : m.B.) 

Therefore as 6 : 2 :: 10 : -o* which represents m.B. the 

tangent to the arc. 

We have confined these illustrations thus far to the 
lines and divisional arcs belonging to a circle described 
with a radius equal to 10. It is evident that by taking any 
one of these primary or more important lines as a radius, a 
series of quantitive magnitudes with similar inter-relations 
will be obtained, and which will have, through the radius 
common to all of them, a definite and known relationship 
to the lines and divisional parts of the prinjary circle. .Since 
some of these secondary lines may absolutely agree in mag- 
nitude with some of the primary lines or may have some 
very simple (quantitive and numerical) relationship to them 
it is very desirable that the relations should be investigated 
and classified. As a brief example we will take the line 
5 85786... which equals twice the versed sine of the half 
quadrant and has been now shown to be one of the most 
important of the primary lines belonging to the half- 
quadrant. 

Kfrom the point B., Fig. 34. on the line B.A., a centre 

a. be taken at a distance = 5.85786... and from the centre a. 

with a radius a.B. a quadrant B.C. be described, then if the 

quadrant be bisected in the point h., Rh. shall be the half- 
quadrant ; and if one third of the quadrant be divided off at 

the point 5, the remainder — ^to wit, the arc B.d. - shall be 

an arc containing 60^. and the versed sine of this secondary 

arc of 60*'.(de8cribedwithD.V.S.radiusayB.=5-85786), shall 

equal the versed sine of the half-quadrant belonging to the 
primary circle, (because the versed sine of the arc of 60**. 
equals one-half its radius). 



• Geometrical demonstration that the sine of the octuple van is 
to the tangent of the half-quadrant as 8 : 10 will be found at page 
10, Part Third, Fig. 24. 
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Taking, therefore, as the example, the half-quadrant B.h. 

we have : — 

Eadius = 5-85786. 

The half-quadrant. ( ^ ) 

The Sine = 4142134... 

" Tangent. - 5'85786... 
" Secant... = 8-28426.. 
Herein we have an agreement (coincidence) between cer- 
tain of the principal lines belonging to one circle and cer- 
tain of the principal lines belonging to another circle dif- 
fering from the first in magnitude ; the lines belonging to 
the second being dissimilar* from the lines belonging to 
the first, with which they agree in length. 

The decimal Circle of the D, V.S,f 

Q 

The arc of sixty degree. ( -^ ) 

The Sine = 5-0730... J The Co-sine = 2-92893 

" Tangent -10-1461... " Co-tangent. = 3-38204 

** Secant.. =11-7157... " Co-secant.. = 6-76408 
" Chord.. - 5-8578. 

(Note.) — The chords of the secondary arcs coincide with 
and form a part of the chord of the primary arc if the arcs be so 
described that each commences from the same original point 
(B.) as that of the primary and agrees with the primary 
arc in position, which is the method adopted in the foregoing 
illustrations : Since the primary radius includes the radius 
of each of the circles, the extremity of the sine may be 
made the point of coincidence, as in some of the analy- 
tical figures of our Part Second, (See JFig. 12.) ; Or, 
again, the same point may be taken throughout for 
the centres of the circles — that is, the arcs may be 
described all from the one centre — in which case the secant 
will be the line of coincidence. In systematic analysis it 
will evidently bo convenient to adhere to one uniform 
method throughout the whole, or, at least, throughout a 
part, of the figures belonging to the series. 



* That is, they are constructively different in relationship. 

t That is, the duplicated versed sine of the primary half-quadrant. 

i Sine 5-073066670 taking V 60 = 7-07107, 
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Analysis by Decimal Circles. 

Illustrated in Figs. 35 (a.) and 35 (b.) 

In which Figures these different methods are applied to 
illustrate the system of decimal cyclometry. 

In Fig. 35 (a.) the tangent is made the line of coincidence ; 
in Fig. 35 (b.) the sine is the line of coincidence with refer- 
ence to the radius A.B., and also the secant is indicated as 
the line of coincidence with reference to the radius A.C., and 
illustrated by the arcs intersecting that line. 

The decimal system of cyclometry is illustrated in these 
two figures by the three decimal circles, namely, the circle 
of the sine ; the circle of the duplicated versed sine; and the 
circle of the secant. These lines may be termed 'Capitals' 
of the system ; they are all secondary to the radius A.B. 
which equals 10 and is the 'primary* \>f the system ; but 
each of them is 'primary' to the lines and divisional arcs 
belonging to the circle of which it is the radius, for instance, 
in the example which has just been given, the circle of the 
D. Y. S. has for its 'primary* the line A.B. which is the 

radius of the primary quadrant, but the line a, B, (equalling 

twice the versed sine of the primary quadrant) is the pri- 
mary to the half-quadrant, to the arc of 60°, and to all other 
divisional arcs, belonging to its own circle, and also primary 
to the lines belonging to those respective arcs. Jn con- 
structing a cyclometrical table it is evident that this system 
may be pursued by sub-divisions as far as may be found 
desirable. The immediate gain to the science of quantity 
and number from such a tabulated analysis of the circle 
would be the increased knowledge obtained of the inter- 
relations of the subjects of that division of science ; for 
example, by taking a primary radius equal to 10, we find 
that the number 5 represents the sine of the arc of 30 de- 
grees ; the number 8 represents the sine of the octuple arc ; 
and the number 6 the sine of the sextuple arc ; we become 
thereby aware of and are able to appreciate a particular 
magnitudinal relationship between these numbers, and not 
only of each to each of these but also of each and of all of 
these to many other (magnitudinal quantities) numbers. Or, 
as another example, we may take again the number 5, which 
appears as the sine of the arc of 30° and the cosine of the 
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arc of 60<>, both belonging to the primary circle, and also 
appears as the sine and cosine of the half-quadrant belong- 
ing to the decimal-circle of the sine— namely, that which 
has the sine-length >/50 as its (radius) ' Capital. * 

Examination of these two plates, 35 (a.) and 35 (b.) 
together with the annexed table will suffice to render the 
cyclometrical decimal system clearly understood. 

Note. — ^In Fig. 35 (b.), wherein the line of coincidence 
includes the sines of all the arcs, the division of the primary 
radius A.B. should be noted- The entire part divided off above 
the line of coincidence is equal to the sine-length of the prim- 
ary (7*07107) ; from centre A., at the upper extremity of A.B., 
a part is divided off by the centre of the dec-circle D. Y. S. 
equal in length to the versed sine of the primary ; and, ad- 
joining the line of coincidence— above that line — a part is 
divided off by the centre of the circle of the secant, also 
equal in length to the versed sine of the primary half- 
quadrant. 

The method of analysis to which these figures belong will 
be better appreciated after consideration of Table 11., which 
we furnish as an appendix, and in which the arc-lengths are 
included as elements of the circles. From that table it will 
immediately appear, for example, that the arc-length of the 
arc of nine degrees belonging to the decimal circle of the sine 
equals the radius A.B. divided by nine j and that the arc- 
length of the half-quadrant belonging to the same circle 
equals five times that quantity. 

In concluding these illustrations we beg to state that they 
may be considered generally as contributions and sugges- 
tions towards an analytical investigation of the circle j their 
immediate purpose however is to illustrate the proposition 
that the circle itself is not only a reality but is one of the 
primary facts of Creation, constituting, indeed, a central 
primary or great fundamental fact in or upon which very 
many of the secondary facts belonging to abstract science f 
have their common basis. 



t Abstract-Science may be defined as that division of Science which 
treats of the inter-relation of like subjects of Science, in respect to those 
general properties (number, quantity, condition, form, magnitude,) 
which belong to those subjects as existences (things). 



CYOLOMBTRICAL TAULK I. 
Decanal Series. Primary radius A.B. -. 10. 

(1) DiviiriODAl Arcs ) Ilalf-qTmiirsnt. Arc of 60 deg. 
of Uu piim&rf. i 

Sine l-Oim 8-66026 

Tangent IfrOOOOO 1732051 

Secant 14-14214 2000000 

Co-Bine 7-07107 5-flOOOO 

Chord 7-66366 10-00000 

Co-tangent lOOOOOO 6.773B0 

Co-secant 1414214 11.64701 

AreofSr. ArcoflQ'. 

Sine 500000 2-58819 

Tangent 7-77350 2,67949 

Secant 1154701 10-36275 

Co-Bine 8-66025 9-65926 

Chord 517638 2-61052 

Co-tangont 17-32051 37.32050 

Co-secant 20-00000 38-63702 

Uctuple Arc. Sextuple Arc. 

Sine 8OO000 6-0000 

Tangent 13-33333 7-5000 

Secant 16-66666 12-6000 

Conine 600000 8-0000 

Co-secant 12-50000 16-6666 

Co-tangent 7-50000 J3.3333 

Chord 8-94427 6-32455 

(2) Decinwl Circle 1 

of the Sine. > Half-quadrant, Arc of 60 degrees. 

EadiuB - 7-0710T. J , 

Sine 6.00000 6.12372 

Tangent 7-07107 12-24744 

Secant. lOOOOOO 14-14213 

Co-Bine 5-00000 3-53553 

Chord 5-41196 7-07106 

Co-tangent 7-07107 4-08248 

CoMcant 10-00000 816496 
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Arc of 30^. Arc of 15°. 

Sine 3-53553 1-830127 

Tangent 4-08248 1 -894687 

Secant 8-16497 7-320606 

Co-sine 6-12372 6839313 

Chord 3-66025 1-845919 

Co-tangent 1224745 26389589 

Co-secant 14-14213 27-321252 

Octuple Arc. Sextuple Arc. 

Sine 5-656856 4-242642 

Tangent 9-428093 5-303302 

Secant 11-785116 8-838837 

Co-sine 4-242642 5-656856 

Co-secant 8-838837 11-785116 

Co-tangent 5-303302 9-428093 

Chord 6-324555 4472133 

(2) Decimal Circle of) 

the D. V. S :• [ Half-quadrant. Arc of 60°. ^ 

Radius =- 6-86786. J 

Sine 4-14213 5073053 

Tangent 5-85786 10-146106 

Secant '. 828426 11-715728 

Co-sine 4-142134 2-928932 

Chord 4-490456 5-857864 

Co-tangent 5-857864 3-382040 

Co-secant 8-284268 6-764080 

Arc of 30°. Arc of 16°. 

Sine 2-928932 1511121 

Tangent 3-382040 1-569609 

Secant 6-764080 6-044482 

Co-sine 5-573060 5-659561 

Chord 3-032252 1-529207 

Co-tangent 11-146120 21-794185 

Co-secant 11-715728 22-638244 



That is, of the duplicated versed-sine. 
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Octuple Arc. Sextuple Arc. 

Sine 4-68628 3-514716 

Tangent 7-81048 4-393395 

Secant 9-76310 7-322325 

Co-sine 3*51471 4-686288 

Chord 5-23942 3-70841... 

Ck)-tangent 439339 7-81048... 

Co-secant 7-32232 9-76313... 

(4) Decimal Circle of) 

the Secant* J- Half-quadrant. Arc of 60°. 

Radius = 414214 J 

Sine 2-92893 3-587196 

Tangent 4-14214 7174392 

Secant 5-85787 . 8-284274 

Co-sine 2-92893 2-071069 

Chord 3-17025 4-142138 

Co-tangent 414214 2-391466 

Co-socant 5-85787 4782932 

Arc. of 30°. ArcoflS^ 

Sine 2-071068 1-096936 

Tangent 2-391466 1109883 

Secant 4-782932 4439532 

Co-sine 3-587199 4001002 

Chord 2-144129 1081315 

Co-tangent 7-174398 15-458674 

Co-seant 8-284272 16.004008 

Octuple Arc. Sextuple Arc. 

Sine 3-313712 2-485284 

Tangent 5-522853 3106605 

Secant 6-903566 5177675 

Co-sine 2-485284 3-313712 

Chord 3-704841 2-61971 

Co-tangent 3-106605 5*52285 

Co-secant 5177675 6-90356 
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* We thus apply the term ' Secant' to the difference of the Secant 
and Radius of half-quadrant. Since the Secant is twice the Sine there 
is no danger of misapprehension from such application ; some other 
term might, however, be preferable. 
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Appendix. 

Wo have endo:ivoured as much as possible to avoid the 
unnecessary use of strange and unnsuai terms. It might 
be prelerablo instead of tho ospressioos ' decimal Bystom.' 
and ' decimal circles' to substitute the word ' decuple' for 
' decimal ' in order to express the relatioDship, and to write 
' decuple circles' belonging to the ' cyclomotrical decuple' sys- 
tem' A decimal system in accordance with the more custom- 
ary sense of the expression would be formed by taking as 
the successive ' capitals' of the system the numbers 9, 8, 7, 
6, 5, 4, 3, 2, 1 ; that is, the radius of the firat circle, to 
be nine- tenths the length of the 'primary,' of the second 
circle eightrtenths of the primary, and ho on. A quadratic 
decimal system might also be formed by adopting the 
same ' primary' (oiz. the number ten) as the square root of 
100, the first capital would then be the square root of 90, the 
second capital the square i-oot of SO, and ho on. In a eys- 

Ltem so framed the circle of the sine would find its place with 
its capital as the square root of 50. For the present, how- 
ever, it appears more desirable to extend the table now 
given by addition of other important diviaionul and related 
sub-circles ; as a first addition wo may take the half-octuplo, 
the half-sextuple, the half-octant * and the arc of nine de- 
grees; we have accordingly : — 
Ci'cLOMETfticAi Table II. 
The Primary. — Hadiui= \a. Arc-Unglh of OcWn( = T-8SBT4 
Halr-Uctuple Half-Sextuple Half-Oclant C , Arn , 
Arc 
Sine 
Tad 
Cho 
Seci 
Co-B 
Co-t 
Co* 
^2 
gene: 



W-l,»n. 



18,-va«g- 



40 I of 



S-( 



Arc 


463766 


3.219081 


3-92837 1-571348 


Sine 


4-47213 


3162277 


3-82683 1-56434 


TaDgont... 


500000 


3-333333 


4-14214 1-58384 


Chord 


4-59507 


3-203728 


3-90179 1-56917 


Secant 


11-18033 


10-540929 


1082394 10-12465 


Co-sine .... 


8-94427 


9-486833 


9-23881 9-87688 


Co-tangent 


20-00000 


30-000000 


24-14213 63-1375 


Cosecant. . 


22.36066 


31-622787 


26- 13128 63 9245 


• The ' Octant' is a uior 


convenient expression than ' lialr-quad- 


rant,' and, i 


like manner 


the term ' Sextaiit' coiiimc'niJs itself for 


general use to denote the a 


n of 60 degrees 
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DeC'CircU o/Sme—Madiufi^ 7071^7 Arcdmgtlkoffict^im ftr66555 

Ha\f-Octuple. Half-Sextaple. Half-Octant. 5 {^'90} 

Arc 3-27932 2-76234 2 77777 l-llllll 

Sine 316227 2-236068 2-70697 1-106155 

Tangent 3.53553 2.37023 2.92893 1119944 

Chord 3-24920 2-265379 2-75898 1-109576 

Secant 7-91468 7-453665 7-65368 7-260210 

Co-sine 6-32455 6-708206 6-53282 6-984010 

Cortangent. . 1414213 21-21321 17-07107 44:64487 

Co-secant.... 15-81140 2236068 18-49467 45'20146 



Dec-Circle of D, Y,S~RaMus = 5-857854. 



Arc-length of Octant 
«= 4-60237... 



Half Octuple. Half-Sextaple. Half-Octant. ~r 



Arc 2-716676 

8ine 2-619711 

Tangent 2.928930 

Chord 2-691728 

Secant 6-549278 

CoHsine 5*239428 

Co-tangent.. 11-715720 
Co-seoant .... 13078561 



1-885689 
1-852417 
1-952621 
1-876683 
6-174666 
5-657212 
17-673680 
18-524182 



2-301180 
2*241703 
2-426407 
2-285613 
6-340512 
5-411961 
14-122213 
15-321473 



JO f Arc ) 
40 \ot9>] 

0-920492 
0-916368 
0-927781 
0-919198 
5-930816 
5*785738 
36*985063 
37-446076 



Dec-Circle of Seannt-^Badius = 414214.. 



Arc-length of Octant 
■=3-245371... 



Half-Octuple. Half-Sextuple. Half-Octant. sL 



Arc 1-920983 

Sine 1-852418 

Tangent 2-071068 

Chord 1-903342 

Secant 4-631049 

Co-sine 3-704842 

Co-tangent - . 8-284376 

Co-secant ... 9^262098 



1-333388 
1-309856 
1-380713 
1-327029 
4-366201 
3*929579 
12-426414 
13-098599 



1-627185 
1-585164 
1-715732 
1-616176 
4-483427 
3-826844 
10000000 
10-823942 



f Arc ) 
40 t of 9" I 



0-650874 
0-647971 
0-656048 
0-649975 
4-193751 
4091143 
26-152436 
26-478422 
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With respect to the two tables here given we have not 
the slightest doubt whatever as to their substantial cor- 
rectness; it is, however, quite possible that some arith- 
metical mistakes in computation may be found in them, and 
as to the last decimal places the figures of many of the 
quantities cannot be strictly accurate because those quanti- 
ties are based upon the primary quantity 7-07107 as the 
square root of 50, and such is not exactly the square root 
which is 70710678... It is quite proper that the correction 
should be made and the figures be furnished with strict 
accuracy to the last decimal place, but the published tables 
of natural sines, &c., now authorized, or, at least, those most 
in use for general reference, are based on this 7.07107 
and it is desirable in the first instance to show wherein our 
results are in perfect agreement with the results of recog- 
nized trigonometrical processes. The corrections may be 
very easily made and more complete tables furnished ; as an 
example of the necessity of strict accuracy, worthy of note, 
we will specify the first of the elements of the half-sextuple 
arc belonging to the dec-circle of the secant, Table II., to 
wit, the arc-length thereof— which appears as 1-333388. . It 
is most probable that strict accuracy will give the figure 3 
as an interminable decimal... that is, will give the actual 
quantity as 10 + J. (By correcting the equivalent of 
the capital (radius) in the fifth decimal place the figure 8 
becomes reduced to 5 in the fifth decimal place of the ex- 
ample, and, moreover, the half-sextuple element of the pri- 
mary, from which the corresponding element of the dec-cir- 
cle is derived, is very slightly in excess from the same cause). 

Fig. 36. — Is to some extent a development of Fig. 31 ; 
it has, moreover, for its object to bring prominently under 
observation certain triangles and squares which, in their 
relation each to each and to the divisional arcs and elements 
of the circle, may be found to possess much utility. 

The Primary Arc of the Radius^ 

We have omitted to include in the preceding tables, an 
arc which may be considered to belong especially to the 
primary series. It may be termed the primary arc of the 
radius and is the arc which in longitudinal magnitude 
equals the radius. 
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ThiB arc doubled will, of course, equal the diameter: half 
the are will equal the sine of the arc of 30 deg. and so on — 
thus : 



57-2754 . 



J The primary arc of the radius ) 
(equal in length to the radius.) j 

The primary arc of the diameter \ _ 1 14.5512 
(equal in length to the diameter.) J "" 



deg. 
deg. 



The elements of these arcs should be added to the tables. 

Note. — The arc-lengths belonging to the first cyclometri- 
eal table are as follows : — 



(1) 


The Primary. 


Half-quadrant 


. 7-85674 






Arc of 60 degrees . 


. 10-47566 






" " 30*^ . . 


. 5-23783 






*' " 15° . . . 


. 2-61891 






Octuple arc-53J° . 


. 9-27532 






Sextuple arc- 36 J° 


. 6-43816 


(2) 


Dec-Circle of Sine. 


Half-quadrant . . 


. 5.55555... 






Arc of 60 degrees • 


7-407407... 






" " 300 .. . 


. 3-703703... 






a u 150 .. . 


. 1-851851.. 






Octuple arc-SSJ** 


- 6-558642 






Sextuple arc - 36J<» 


. 4.552468 


(3) 


Dec-Circle of D.V.S. 


Half-quadrant . . 


. 4-60237 






Arc of 60 degrees . 


6.13650 






'' "30° . . . 


. 3.06825 






" "15° . . . 


. 1-53412 






Octuple arc -53^° 


. 5.43337 






Sextuple arc - 36J° 


. 3-77137 



(4) Dec-Circle of Secant. Half-quadrant . , . 3-25437 

Arc of 60 degrees . 4-33916 

" " 30° . . . . 2.16958 

" " 15° • . . . 1-08479 

Octuple arc-53J°. .3-84197 

Sextuple arc - 36J°. . 2-66677 



END OF THE APPENDIX TO PART FOURTH. 



.f 



